Stelsels en Seine / Systems and Signals 344 Tutorial 6 Memo

Question 1

(a) Since all probabilities must sum to 1:

ZZPX,Y(xay) =1

0.1240.184+0.1040.28 4 a + 0.15+0.08 +0.06 + 0.03 =1
1.004+a=1
a=0

(b) We marginalize the joint PMF to get the marginal PMFs:
Marginal PMF of X:
Px(1) = Z Pxy(1,y) = 0.12+0.18 + 0.10 = 0.40
y
Px(2) =) Pxy(2,y) =028+0+0.15=0.43
y
Px(3) = Z Px y(3,y) = 0.08 +0.06 + 0.03 = 0.17

Y

So that
0.40 rz=1
0.43 T =2
Px(z) =
0.17 r=23
0 otherwise

Marginal PMF of Y:
Py(0) =Y Pxy(z,0) = 0.12+ 0.28 + 0.08 = 0.48

Py(1)=> Pxy(z,1) = 0.18 4+ 0+ 0.06 = 0.24

Py(2) =Y Pxy(z,2) = 0.10 4 0.15+ 0.03 = 0.28

So that
0.48 y=0
0.24 y=1
Py(y) =
0.28 y=2
0 otherwise

(c) For independence, we need Px y(z,y) = Px(x)- Py (y) for all z,y.
Let’s test the independence condition by checking (z = 1,y = 0):
LHS: Px y(1,0) =0.12
RHS: Px (1) - Py(0) = 0.40 x 0.48 = 0.192
Since LHS # RHS, X and Y are not independent.
(d) By the definition of the joint CDF,
Fxy(2,1)=P(X <2,Y <1)
= Pxy(1,0) + Pxy(1,1) + Px,y(2,0) + Px v(2,1)
=0.12+0.1840.28 40
= 0.58.
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(e) The event X +Y < 3 contains the points
(1,0),(1,1),(1,2),(2,0),(2,1),(3,0).

Therefore,
P(X+Y <3)=0.1240.18 + 0.10 + 0.28 + 0 + 0.08
= 0.76.

Question 2

(a) The 30 equal-width bins span [0, 3], so each bin has width 0.1. The density is zero on [1, 2], which accounts
for 1/0.1 = 10 empty bins. The remaining 20 bins lie in [0, 1] and [2, 3] and are non-empty.

Two-block sample: 30 bins over [0, 3]
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(b) Four histograms below are all from the same sample, using 10, 20, 40 and 80 bins.

Same sample: 10 bins Same sample: 20 bins

1.0 1.0
> >
= =
2 0.5 1 g 0.5
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o [a)]
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X X
Same sample: 40 bins Same sample: 80 bins
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X X

With 10 bins, the estimate is very smooth but too coarse: the nearby components in the right-hand group
are merged. At 20 bins, the two broad groups are clear, but their finer structure is still obscured. At 40
bins, more detail appears and the right-hand group begins to flatten or separate near its top. At 80 bins,
the increased resolution reveals three component peaks in total: one near 0 and two nearby peaks around
0.8 and 1.0. Because the sample is large, the 80-bin histogram remains reasonably smooth here.

(¢) For this sample, 80 bins is a defensible choice when the aim is to identify the distribution’s components:
it resolves the two nearby right-hand peaks without introducing severe bin-to-bin noise. A 40-bin display
would also be reasonable if only the broad overall shape were required. In general, the choice balances
smoothness against the resolution of fine features.

(d) For a density histogram, the height of bin j is its relative frequency divided by its width:
B — U% _ 30

7 NA T 200(0.25)

As a check, the area of the bar is hjA = 0.6(0.25) = 0.15 = n; /N, the observed proportion in the bin.

=0.6.
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Question 3

(a) The range of X and Y is the triangle bounded by > 0, y > 0, and = + y < 1.

XY

o>
v

(b) To find ¢:
1 l1—x
/ (cy +1)dydx
0

Al
- /O 50 -2+ (1-2)|de
;

Hence ¢ = 3.

(c) For the marginals:

[Ty ndy =[BT = 30—+ 0
fx(x)—/0 (By+1) y—{ay +y}0 =51-2)+(1—ua).
Thus
3 -a)?+(1-2), 0<2<],

fx(@) = {é, otherwise.
For fy(y): Y

)= [ Gy de =@y D).

0

So

Frly) = ( )( ) :
0, otherwise.
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(d) Compute P(Y < 2X?):

The curves y = 222 and y = 1 — x intersect at x = 1/2. Integrating with respect
bounds 0 <y <1/2and y/y/2 <z <1-—y.

Therefore,

, 1/2 fl—y
P(Y<2X):/ / By +1)dxdy
0 Vy/2

_ /01/2(3y +1) {(1 —y) - \/ﬂ dy

AWBM4M—MW—AWQMJW€@
[
0

1/2

12 1 [6y5/2  23/2
= ool - 5 [0+ %
0

5 1]6 1 2 1
~ 8 ¢2k u@+32¢J
5 13 1
82L0+J

1

=120

= 0.308

to x first, the event has

12
2y +1-3y%)d —ﬁ/ (3y*% +y'/?) dy
0
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Question 4

(a) First verify this is a valid PDF:

1 T 1
/ / 2dydx:/ 2z dx = [mz]ézl v
o Jo 0

We calculate the expected values using the definition E[g(X,Y)] = [ [ g(z,v) fx,v (2, y) dz dy:

1 x 1 23 1 2

E[X]:/ / I-Qdydx:/ 2x2dx:{z} _Z

0 0 0 3 0 3
1 z 1 277 1 391 1
E[Y]:/ / y.Zdydx:/ QH dx:/ xde:[x} 1
070 0 2 1o 0 31, 3

1 px 1 y2 z 1 4 1 1
’I"X,Y:E[XY]:/ / xy-?dydx:/ 2z {} dx:/ 3 dr = [] =-
0o Jo 0 2 1o 0 4], 4

(b) Using linearity of expectation:

2 1 4 7
B[2X +3Y] = 2B[X] + 3E[Y] =2- 5 +3- g = s +1= ¢

For E[X? + Y?], we first calculate E[X?] and E[Y?]:

1 x 1 ) :174 1 1

E[XQ}:/ / x2-2dydo::/ 21’3d17—|::| _1

0o Jo 0 2], 2
1 T 1 37T 123 411 1
E[Y2}=/ / y? Qdydx:/ 9 |L dx:/ LA ) R
0 Jo 0 31, 0o 9 61, 6

Therefore: E[X? +Y?| =3 + ¢ =31 =2
(c) Using the formula Cov[X,Y] = E[XY] — EX]|E[Y]:

Cov[X,Y] =E[XY] ~E[X|E[V] = ; —5-3=7

3 4 9
o 9-8 1
36 36
For correlation, we use pxy = %
First calculate the variances using Var[X] = E[X?] — (E[X])*:
1 2\ 1 4 9-8 1
X|=E[X2—(E[X])2==-—(2) =2_Z2=2_"°_ —
Var(X] = E[X?] - (B[X))” = | (3> 081
1 N2 101 3-2 1
VarlY1 = ElY2 - (B[y)2 =2 _(2) =2 _-_°27¢2_ =
arlY] = B[Y?) — (BY)? = | (3) SR
Therefore:
1
ey ® %118 18 1
: /1 L 36 1 36 2
18 18
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(d) Use
Var[X + Y] = Var[X] + Var[Y] 4+ 2Cov[X, Y].

Substituting the values obtained above,

1 1 1
Var[X + Y] —|—+2<>

18 18 36
_ 1
6
(e) For affine rescalings U = aX +band V = cY +d,
Cov[U, V] = acCov]X, Y], pu,v = sign(ac)pxy.

Here a = 100 and ¢ = —2, so

Cov|U, V] = 100(—2) (316> = —%0,

. 1 1
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Question 5

The joint PDF is
z+y, 0<x<1, 0<y<1,
0, otherwise.

11
/ / (r+y)dydx =1,
o Jo

Ixy(z,y) = {

It is non-negative and its total integral is

so it is a valid joint PDF.
(a) ForO<z<land 0<y <1,

z Yy

Fxy(z,y) = / (u+v)dvdu
o Jo
_ry  wr_wyty)
2 2 2 ’

Accounting for values outside the unit-square support gives

0, z<0ory<O0,
w, D<ae<l, 0<y<l,
1
Fxy(z,y) = u 2+y)7 r>1, 0<y<1,
1
z( ;x), O<a<1,y>1,
1, z>1 y>1.
(b) Marginalise the joint PDF:
! 1
fx@) = [(@rpdy=z+ s, D<a<l,
0
! 1
fy(y)=/(x+y)dx=y+§, 0<y<l
0

Thus each marginal is zero outside [0, 1].
(¢) The four-corner formula is
P(zy < X <x,y1 <Y <o) = Fxy(w2,92) — Fxy(21,92)
= Fxy(x2,91) + Fx vy (21,91).

Therefore,

(d) Independence would require

fxy(x,y) = fx () fy (y)
throughout the support. At z =y = 1,

1 3 3
fr =3 @HE=5 =5

These are unequal, so X and Y are not independent.
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Question 6

Let X have a discrete uniform distribution with support Sx = {—1,0,1}, and let Y = X?2.

(a) The deterministic relation Y = X? gives

Pxy(z,y) |y=0 y=1
r=-—1 0 %
z=0 3 0
r=1 0 %

(b) Use
Cov[X,Y] = E[XY] — E[X]E[Y].

The required moments are

~14+0+1
E[X] = +3 1,
1+0+1 2
E[XY] =E[X?] = “1rorl

Hence

so X and Y are uncorrelated.

(¢) Independence would require every joint probability to factor into its marginals. However,

Px(0)Py(0) =

W =
Ne)

1
3
Therefore X and Y are dependent, even though their covariance is zero. This demonstrates that uncor-
related random variables need not be independent.
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