Systems and Signals 344 Tutorial 12: Memorandum

Main Questions 1-5; optional bonus Questions 6-7.

All processes are real-valued. Use Rxy (t,7) = E[X(¢)Y (¢t 4+ 7)] and frequency f in Hz.

Question 1: Stationarity, ensembles and a constant recording.

The process is Z(t) = C, where P(C' = —1) = P(C = 3) = 1/2. One value of C is drawn per recording and

remains fixed throughout it.

(a) Calculate the ensemble properties by averaging over the two possible values of C. All samples within one

recording contain the same C.

1 1
pz = E[C] = (—1)5 +35=1
2 el a2l

Ry(1)=Cyz(T)+puz =4+1=05.
The mean is constant and Ry (7) depends only on the lag, so the process is WSS.

2(t)
3 c=3
***************************** Hz =
t
c=—1
—1

(b) Now consider one recording of the same process: C = ¢, so z(t) = c. Its time average uses this fixed level,

whereas the ensemble mean in (a) averages over both possible values of C:
I I
oT z(t)dt:ﬁ _Tcdt:c = TILII;OETZCE{—L3}#/JZ:

Thus the process is not ergodic in its mean, even though it is WSS as shown in (a).

1.

(c) For the power spectral density (PSD), use Rz(7) = 5 from (a): transform the autocorrelation, not the

autocovariance. All its spectral power is at zero frequency.

SP=Fi5y=50(),  Pr=Ra0)= [ sir)dr =5,
Question 2: A biased periodic sensor output.
Lecture review for Question 2(a).
For V' (t) = cos(t + U), the phase U is uniform on [0, 27), with density 1/(27). Hence

2 _ [sin(t 4 u)]3™

cost+u =0.

27 0 2
Use cosacos B = S[cos(a — ) + cos(a+ )] with a =t +uand B =t + 7 +w

1 2
Ry(t,7) =E[V®)V(t+71)] = o /0 cos(t + u) cos(t + 7+ u) du

1 2m
= [cos(—T) + cos(2t + T + 2u)] du
T
2 _ : 2T
_ meos(—T) n [sin(2t + 7 + 2u)]§ _ lcos T'
4T 8T 2

Here cos(—7) = cos7, and the sine endpoints cancel because sin(2t + 7 4 47) = sin(2t + 7).
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Question 2 (continued): A biased periodic sensor output.

(a) Write X (t) =1+ V(¢) with V() = cos(t + U). Apply the lecture results reviewed above: E[V(t)] = 0 and
Ry(t,7) =E[V(t)V(t+7)] = 1 cosT.

px(t) =E[1+ V()] =1,
Rx(t,7) =E[(1+V{E)(1+V(t+T1))]
=1+EV@®]+EV(E+7)]+EVE®V(E+T)]

1
=14+ = .
+ZCOST

The mean is constant and the autocorrelation depends only on 7, so the process is WSS.

(b) A common time shift h replaces U by U’ = (U + h) mod 2. This is still uniform, and the same shifted
phase enters every sample:

(X(t1+h),...,X(tm +h)) = (L+cos(ts + U’'),..., 14 cos(ty, + U")).
Every sampled joint distribution is therefore unchanged: SSS.
(c) For a WSS process, the power spectral density is the Fourier transform of its autocorrelation:

Sx() = F{Rx(n)} = [ Rxlm)e 1" ar

Substitute Rx (1) =1+ 3 cosT from (a). By linearity,

Sx(f) = _7:{1 + ;COST} = F{1} + %]:{COST}.

The required Fourier pairs, with frequency in Hz, are

L 8(), cos@nfor) e 3 [507 — o) (7 + fo)]

Here 27 fy = 1, so fo = 1/(27). The constant term contributes a DC impulse; the cosine contribution retains
both factors of 1/2:

Sx(f) = 6() + \;/ \;/ {5<f—2lﬁ>+5<f+217r)]

factor in Rx cosine pair

il lz) o))

Sx(f)
]
1/4 1/4
T | T Hy
—1/(2n) 0 1/(27) f (H)

The labels are impulse weights, not finite density heights. Each impulse contributes its weight to the spectral
integral.
Average power. Calculate it from the zero-lag autocorrelation or the total spectral area:

1 3
Px = Rx(0) = 1—&—5(3080: 3

o 1 1 3
X /_OOSX(f)df +4+4 2

N[

The constant bias contributes Ppc = p3 = 1; the fluctuating component contributes Pac = % + % =
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Question 3: Exponential autocorrelation and spectral width.

(a) The signs of |7| differ on the two halves of the integral. Since a > 0, both boundary terms at infinity vanish.

Sx(f) = / " Rx(r)e 7 dr

0 e}
/ pla=a2mi)T g L / (a2 g
0

e(a j2nf)T e—(a+,j27rf)7' 0
- {a—ﬂwf] +[_ a+j2rf ]0
1
+ -
a—j27rf a+j2nf

_(a+j2nf)+(a—j2nf) 2a
B (a — 327 f)(a + 527 f) a4 4n2f?

(b) Use Sx(f) from (a). Its peak is Sx (0) = 2/a, so the positive half-height frequency satisfies

1 2a 1

x(fa) 2 x(0) a?+4n%f2  a
— wmaiarg — ol
T

Increasing a makes the correlation decay faster: it becomes narrower. The spectrum becomes broader because
fr increases, while its peak 2/a decreases.

Illustration: a = 1 (solid blue) and a = 3 (dashed orange), on the same scales in each panel.

Autocorrelation Rx (1) Power spectral density Sx (f)

f (Hz)

—0.477 —0.159 0 0.159 0.477

The dots mark each curve’s own half-height: f, = 1/(27) ~ 0.159 Hz for a = 1, and f;, = 3/(27) = 0.477 Hz for a = 3. Blue fill
and orange hatching show each curve’s band [—f, f]: each region has area 1/2, whereas each complete spectrum has area 1, as
calculated in (c).

(c) The total average power is the zero-lag autocorrelation:

PX = Rx(O) = eO =1.
The power retained in the measurement band is the shaded /hatched area under its PSD between — f;, and fj.
Substitute f, = a/(27) from (b).
To integrate, set z = 27 f/a, so df = adz/(2n) and a® + 472 f? = a?(1 + 22). The frequency limits f = +a/(27)
become z = £1. We can then use [(1+ 2%)~!dz = arctan z:

In a/2m) 9

Poanda = Sx(f)df = —_—
—hn ) —a/(2m) 0+ 4T f?

= /1 20 B
oy a?(1+22) 27

1 /1 1 1
/1 %= [arctan z]

daf

1 1/m 1
= —[arctan(1) — arctan(—1 —_7(7+7>—_7.
[arc an(1l) — arctan( )] 1

Thus the measurement retains Phana/Px = (1/2)/1 = 1/2, or 50%, of the total average power. This follows
from the integral, not merely from the half-height definition.
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Question 3 (continued): Exponential autocorrelation and spectral width.

(d) The Dirac impulse transforms to a constant. Thus ideal continuous-time white noise has flat PSD over all
frequencies:

Sw(f):}—{WOé(T)}:TZO; PW:/_OO No df = oo.

It is an idealised model, not a physically observable signal of finite power. Restricting the noise to a finite
bandwidth produces finite observed power; for example, a unit-gain passband |f| < B contains power 2Bnj.

Question 4: Radar delay and ordered cross-correlation.

(a) Use linearity for the mean and expand the product for autocorrelation. Independence and zero means make
both signal /noise cross terms zero.

py =E[X(t—d)] +E[N()] =0,
Ry(t,7)=E[(X(t—-d)+ N@)(X({t+7—d)+ N(t+71))
= Rx(7) + E[X(t = ) E[N(t + 7)] + E[N ()] E[X (¢ + 7 — d)] + Ry (7)
= el 4 gebl7l,
A constant mean and lag-only autocorrelation show that Y is WSS. Delaying both signal samples does not

change their separation.

(b) The order matters: the second process is evaluated at ¢t + 7. Expand each product before simplifying.
Since the processes X and N are independent, their samples are independent at any pair of times. Each mixed
expectation therefore factors into the product of their zero means:

Rxy(t,7) =E[X#)(X(t+7 —d)+ N(t+7))]
=EXO)Xt+7—d)]+EXENE+ 7))
= Rx(7 —d) + E[X(#)] E[N(t 4 7)]

0-0=0

_ e—a|‘r—d\ ,

Ryx(t,7) = B[(X(t —d) + N () X (t + 7)]

=EX(t —d)X(t+7)] + E[N@)X(t +7)]
=Rx(t+d)+E[NQ®)]|E[X(t+ 7))

0-0=0
— e—a|‘r+d|7

Ryx(—7) = e 77t = emalm=dl = Ryy (7).

The signal-only terms use the sample-time differences (t+7—d) —t=7—d and (t+7)— (t —d) = 7+ d,
respectively.

Both processes are WSS and their cross-correlation depends only on lag: they are jointly WSS.

(c) The cross-correlation peaks where |7 — d| = 0: at the positive round-trip delay 7 = d, with peak value one.
The schematic shows this displaced peak.

ny(’r)
1
T l T
0 d
8 -6
2r=cd = T:C—dz(3X10)(4X10 ):600111.

2 2
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Question 5: A correlated Gaussian sequence from independent input samples.

(a) Input samples have mean zero and variance one. Thus E[X?] = 1, whereas E[X;X;] = E[X;] E[X;] = 0 for
i # j. Equivalently, E[X; X ;] = 6[j — 1].

E[Y,] = E[Xy] = 0.2E[Xy, 5] =0,
Ry[n, k] = E[(X, — 0.2X,,_2)(Xpntx — 0.2X 4 —2)]
E[X, Xnik] — 0.2E[X, X k2] — 0.2E[X, 2 X 4k] + 0.04E[X,, 2 Xy k2]
5[k] — 0.28[k — 2] — 0.26[k + 2] + 0.046[k]
= 1.046[k] — 0.20[k — 2] — 0.20[k + 2].
At k£ = 0, the first and fourth products pair identical indices. At k = 2, only the second product does; at
k = —2, only the third does. All other lags pair distinct input samples throughout.

1.04, k=0,
Ry[k] ={ —0.2, k=42,
0, all other integer k.

(b) The discrete sketch includes a stem at zero, two negative stems and zero-valued samples at the other
displayed lags. There are no continuous-time impulses.

Ry [k]
01.04
-2 2 L
-3 -1 0 1 I 3
—-0.2 —-0.2

Equal values at opposite lags confirm symmetry about k = 0:

Py =E[Y? = Ry[0] = 1.04,  Ry[-k] = Ry[k],  |Ry[k]| € {0,0.2,1.04} < 1.04.

(c) Every finite vector of output samples is a linear transformation of a finite vector of independent Gaussian
inputs. It is therefore jointly Gaussian: Y,, is a Gaussian sequence.
Use the result already derived in (a):
Ry [n, k| = E[Y,, Y, s] = 1.046[k] — 0.26[k — 2] — 0.26[k + 2].
Only the lag k appears, not n, so write this as Ry [k]. The mean E[Y;,] = 0 is constant: the sequence is WSS.
To relate autocorrelation to covariance, start from the covariance definition and substitute the zero means:
Cov|Yn, Yoik] = E[YaYnik] — E[YR] E[YVaik]

=Ry[k]—0-0

= Ry [k] = Cy[k].
The means and covariances are therefore unchanged by a common index shift. Since the sequence is jointly
Gaussian, these determine every finite joint distribution, so it is also SSS.
For the two pairs in the question, use lags k¥ = 1 and k£ = 2. Recall that §[0] = 1 and §[k] = 0 for nonzero

integer k:
Covl]Y,,Y,+1] = Ry[l] = 1.046[1] — 0.26[—1] — 0.24]3]

= 1.04(0) — 0.2(0) — 0. 2(0[) — independent,
Cov[Y,,, Y,42] = Ry [2] = 1.046[2] — 0.26[0] — 0.20[4]
=1.04(0) — 0.2(1) = 0.2(0) = —0.2#0 =  dependent.
The first independence conclusion uses joint Gaussianity, not zero covariance alone. Adjacent outputs also use

disjoint sets of independent inputs. The sequence is not white, since Cy-[2] = —0.2 # 0 at a nonzero lag (and
similarly at k = —2).
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Optional bonus solutions

Question 6: Shifting, scaling and reversing time.
For a WSS process, E[X (s)X (u)] = Rx(u — s). Use the actual separation between the two input times.

(a) A common time shift does not change the mean or the separation within the transformed process.

px, = E[X(t+h)] = px,
Rx, (t,7) =E[X(t+h)X({t+7+h)]=Rx(1),
Rxx, (t,7) =E[X(#)X(t+7+ h)] = Rx(T + h).
X7 is WSS, and the cross-correlation depends only on 7: X and X; are jointly WSS.

(b) Scaling changes the separation within X5 to ar. In the cross-correlation, only the second process’s time is
scaled.

px, = E[X(at)] = px,
Ry, (t,7) = E[X(at) X (at + a7)] = Rx (a7),
Rxx,(t,7) =E[X(#)X(a(t +7))] = Rx((a — 1)t + a7).
X5 is always WSS. When a = 1, the pair is jointly WSS. When a # 1, the argument sweeps all real values as ¢
varies, so joint WSS holds only if Ry is constant. It is not guaranteed for a general WSS input.

(c) Put a = —1. A real-valued WSS autocorrelation is even.

bx, =px,  Rx,(7)=Rx(-7) = Rx(7),  Rxx,(t,7)=Rx(-2t—71).

Time reversal therefore preserves WSS of the individual process, but it does not generally preserve joint WSS
with the original process. The constant-Rx exception still applies.

Question 7: Sum and difference of independent processes.
Independence and zero means give Rxy (1) = Ry x(7) = 0. Both output means are zero.

(a) Proceed as in Question 4(a): expand the two output products and use independence and zero means to
eliminate the cross terms. In the difference’s autocorrelation, the product of its two minus signs gives a plus.

Rw, (1) = Rx(7) + Rxy(7) + Ry x (1) + Ry (7)
= e 1"l 4 cos(2n7),
Rw, (1) = Rx (1) — Rxy(7) — Ry x(7) + Ry (7)
= e~ I"l 1 cos(2n7),
Py, = Ry, (0) =1+1=2, Py, = Ry, (0) = 2.

(b) Only the second output has a minus sign in this cross product.

Ryw,w,(t,7) =E[(X#®)+Y()(X(t+7)=-Y(t+ 7))

= Rx (1) — Rxy(7) + Ryx (1) — Ry (1)

= eIl — cos(2n7).
Both outputs are WSS and this cross-correlation depends only on lag. They are therefore jointly WSS.
(c) Apply Fourier linearity to the difference of autocorrelations.

2 1

S TraepE ol
A cross spectrum describes the relationship between two different processes. It is not the nonnegative power

density of one process, so the negative impulse weights are valid. Nonnegativity applies to Sy, and Syw,, not
to Sw,w,-
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