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Experiments, I\_ﬂodels,
and Probabilities

Getting Started with Probability

The title of this book is Probability and Stochastic Processes. We say and hear and
read the word probability and its relatives (possible, probable, probably) in many
contexts. Within the realm of applied mathematics, the meaning of probability is
a question that has occupied mathematicians, philosophers, scientists, and social
scientists for hundreds of years.

Everyone accepts that the probability of an event is a number between 0 and
1. Some people interpret probability as a physical property (like mass or volume
or temperature) that can be measured. This is tempting when we talk about the
probability that a coin flip will come up heads. This probability is closely related
to the nature of the coin. Fiddling around with the coin can alter the probability
of heads.

Another interpretation of probability relates to the knowledge that we have about
something. We might assign a low probability to the truth of the statement, It is
raining now in Phoeniz, Arizona, because we know that Phoenix is in the desert.
However, our knowledge changes if we learn that it was raining an hour ago in
Phoenix. This knowledge would cause us to assipn a higher probability to the
truth of the statement, If is raining now in Phoeniz.

Both views are useful when we apply probability theory to practical problems.
Whichever view we take, we will rely on the abstract mathematics of probability,
which consists of definitions, axioms, and inferences {theorems) that follow from
the axioms. While the structure of the subject conforms to principles of pure logic,
the terminclogy is not entirely abstract. Instead, it reflects the practical origins
of probability theory, which was developed to describe phenomena that cannot be
predicted with certainty. The point of view is different from the one we tock when
we started studying physics. There we said that if we do the same thing in the
same way over and over again — send a space shuttle into orbit, for example
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the result will always be the same. To predict the result, we have to take account
of all relevant facts.

The mathematics of probability begins when the situation is so complex that we
just can’t replicate everything important exactly, like when we fabricate and test
an integrated circuit. In this case, repetitions of the same procedure yield different
results. The situation is not totally chaotic, however. While each outcome may
be unpredictable, there are consistent patterns to be observed when we repeat the
procedure a large number of times. Understanding these patterns helps engineers
establish test procedures to ensure that a factory meets quality objectives. In this
repeatable procedure (making and testing a chip) with unpredictable outcomes (the
quality of individual chips}, the probability is a number between 0 and 1 that states
the proportion of times we expect a certain thing to happen, such as the proportion
of chips that pass a test.

As an introduction to probability and stochastic processes, this book serves three
purposes:

o It introduces students to the logic of probability theory.

s It helps students develop intuition into how the theory relates to practical
sitnations.

s It teaches students how to apply probability theory to solving engineering
problems.

To exhibit the logic of the subject, we show clearly in the text three categories
of theoretical material: definitions, axioms, and theorems. Definitions establish
the logic of probability theory, and axioms are facts that we accept without proof.
Theorems are consequences that follow logically from definitions and axioms. Each
theorem has a proof that refers to definitions, axioms, and other theorems. Al-
though there are dozens of definitions and theorems, there are only three axioms
of probability theory. These three axioms are the foundation on which the entire
subject rests. To meet our goal of presenting the logic of the subject, we could
set out the material as dozens of definitions followed by three axioms followed by
dozens of theorems. Each theorem would be accompanied by a complete proof.

While rigorous, this approach would completely fail to meet our second aim of
conveying the intuition necessary to work on practical problems. To address this
goal, we augment the purely mathematical material with a large number of examples
of practical phenomena that can be analyzed by means of probability theory. We
also interleave definitions and theorems, presenting some theorems with complete
proofs, presenting others with partial proofs, and omitting some proofs altogether.
We find that most engineering students study probability with the aim of using it
to solve practical problems, and we cater mostly to this goal. We also encourage
students to take an interest in the logic of the subject — it is very elegant — and
we feel that the material presented is sufficient to enable these students to fill in
the gaps we have left in the proofs.

Therefore, as you read this book you will find a progression of definitions, axioms,
theorems, more definitions, and more theorems, all interleaved with examples and
comments designed to contribute to your understanding of the theory. We also
include brief quizzes that you should try to solve as you read the book. Each one
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will help you decide whether you have grasped the material presented just before
the quiz. The problems at the end of each chapter give you more practice applying
the material introduced in the chapter. They vary considerably in their level of
difficulty. Some of them take you more deeply into the subject than the examples
and quizzes do.

1.1 Applying Set Theory to Probability

Probability is based on a repeatable experiment that consists of
a procedure and observations. An outcome is an observation. An
event 1s a set of outcomes.

The mathematical basis of probability is the theory of sets. We assume you have
already encountered set theory and are familiar with such terms as set, element,
unton, intersection and complement. To work with sets mathematically it is neces-
sary to define a universal sef. This is the set of all things that we could possibly
consider in a given context. We will use the letter S to denote the universal set.
The null set, which is also important, may seem like it is not a set at all. By
definition it has no elements. The notation for the null set is @. By definition & is
a subset of every set. For any set A, @ C A.

In working with probability we will often refer to two important properties of
collections of sets. Here are the definitions.

A collection of sets Ay, ... A, is mutually exclusive if
A and only if
A; ﬂAj =, i # J. (11)
A .
The word disjoint is sometimes used as a synonym for
mutually exclusive.
Ay Ay
A collection of sets A, Ay, 18 collectively exhaustive
if and only if
\ A4 A UAU---UA, =S (1.2)
A4 AS

In the definition of collectively exhaustive, we used the somewhat cumbersome no-
tation A; U Ay U---U A, for the union of N sets. Just as ZLI x; is a shorthand
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for &1+ 22+ -+ T, we will use a shorthand for unions and intersections of 7 sets:

JAi=41udu-- U4, (1.3)
i=1
(JAi=A1N4dan-- N4, (1.4)
i=1

We will see that collections of sets that are both mutually exclusive and collec-
tively exhaustive are sufficiently useful to merit a definition.

A collection of sets Ay,..., A, is a portition if it is

4 Az | Ay A1 ] both mutually exclusive and collectively exhaustive.

Example 1.1
Phonesmart offers customers two kinds of smart phones, Apricot (A) and Banana (B).
It is possible to buy a Banana phone with an optional external battery E. Apricot
customers can buy a phone with an external battery (E) or an extra memory card (C)
or both. Draw a Venn diagram that shows the relationship among the items A,B,C
and E available to Phonesmart customers.

Since each phone is either Apricot or Banana, 4 and B form a A
partition. Since the external battery E is available for both kinds of
phones, E intersects both A and B. However, since the memory @
card C is available only to Apricot customers, C < A. A Venn

diagram representing these facts is shown on the right.

The mathematics we study is a branch of measure theory. Probability is a
number that describes a set. The higher the number, the more probability there is.
In this sense probability is like a gquantity that measures a physical phenomenon;
for example, a weight or a temperature. However, it is not necessary to think about
probability in physical terms. We can do all the math abstractly, just as we defined
sets and set operations in the previous paragraphs without any reference to physical
phenomena.

Fortunately for engineers, the language of probability (including the word prob-
ability itsell) makes us think of things that we experience. The basic model is a
repeatable ezperiment. An experiment consists of a procedure and observations.
There is uncertainty in what will be observed; otherwise, performing the experiment
would be unnecessary. Some exarmnples of experiments include
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Flip a coin. Did it land with heads or tails facing up?
Walk to a bus stop. How long do you wait for the arrival of a bus?

Give a lecture. How many students are seated in the fourth row?

W =

Transmit one of a collection of waveforms over a channel. What waveform
arrives at the receiver?

5. Transmit one of a collection of waveforms over a channel. Which waveform
does the receiver identify as'the transmitted waveform?

For the most part, we will analyze models of actual physical experiments. We
create models because real experiments generally are too complicated to analyze.
For example, to describe all of the factors affecting your waiting time at a bus stop,
you may consider

e The time of day. (Is it rush hour?)
e The speed of each car that passed by while you waited.

e The weight, horsepower, and gear ratios of each kind of bus used by the bus
comparty.

e The psychological profile and work schedule of each bus driver. (Some drivers
drive faster than others.)

e The status of all road construction within 100 miles of the bus stop.

It should be apparent that it would be difficult to analyze the effect of each of
these factors on the likelihood that you will wait less than five minutes for a bus.
Consequently, it is necessary to study a medel of the experiment that captures the
important part of the actual physical experiment. Since we will focus on the model
of the experiment almost exclusively, we often will use the word ezperiment to refer
to the model of an experiment.

Example 1.2
An experiment consists of the following procedure, observation, and model:

e Procedure: Monitor activity at a Phonesmart store.

e Observation: Observe which type of phone {Apricot or Banana) the next customer
purchases.

e Model: Apricots and Bananas are equally likely. The result of each purchase is
unrelated to the results of previous purchases.

As we have said, an experiment consists of both a procedure and observations.
It is important to understand that two experiments with the same procedure but
with different observations are different experiments. For example, consider these
two experiments:

Exampie 1.3
Monitor the Phonesmart store until three customers purchase phones. Observe the
sequence of Apricots and Bananas.
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Example 1.4
Monitor the Phonesmart store until three customers purchase phones. Observe the
number of Apricots.

These two experiments have the same procedure: monitor the Phonesmart store
until three customers purchase phones. They are different experiments because they
require different observations. We will describe models of experiments in terms of a
set. of possible experimental outcomes. In the context of probability, we give precise
meaning to the word oufcome.

Definition 1.1 Qutcome
An outcome of an experiment is any possible observation of that experiment.

Implicit in the definition of an outcome is the notion that each outcome is distin-
guishable from every other outcome. As a result, we define the universal set of all
possible outcomes. In probability terms, we call this universal set the sample space.

Definition 1.2 Sample Space
The sample space of an experiment is the finest-grain, mutually exclusive, collec-
tively exhoustive set of all possible outcomes.

The finest-grain property simply means that all possible distinguishable cutcomes
are identified separately. The requirement that outcomes be mutually exclusive
says that if one outcome occurs, then no other outcome also occurs. For the set of
outcomes to be collectively exhaustive, every outcome of the experiment must be
in the sample space.

Example 1.5

e The sample space in Example 1.2 is S = {a, b} where « is the outcome "Apricot
sold,” and b is the cutcome "Banana sold.”

e The sample space in Example 1.3 is
S = {aaa, aab, aba, abb, baa, bab, bba, bbb} (1.5)

o The sample space in Example 1.4 is § = {0,1,2,3}.

In common speech, an event is something that occurs. In an experiment, we
may say that an event occurs when a certain phenomenon is observed. To define
an event mathematically, we must identily ail outcomes for which the phenomenon
is observed. That is, for each outcome, either the particular event occurs or it does
not. In probability terms, we define an event in terms of the outcomes in the sample
space.

1.1 APPLYING SET THEORY TO PROBABILITY 7

Set Algebra . Probability
Set, Event
Universal set Sample space
Element Outcome

Table 1.1 The terminology of set theory and probability.

Definition 1.3 Event
An event is a set of outcomes of an experiment.

Table 1.1 relates the terminology of probability to set theory, All of this may
seem so simple that it is boring. While this is true of the definitions themselves,
applying them is a different matter. Defining the sample space and its outcomes
are key elements of the solution of any probability problem. A probability problem
arises from some practical situation that can be modeled as an experiment. To work
on the problem, it is necessary to define the experiment carefully and then derive
the sample space. Getting this right is a big step toward solving the problem.

Example 1.6
Observe the number of minutes a customer spends in the Phonesmart store. An out-
come T is a nonnegative real number. The sample spaceis S = {T|T > 0}. The event
“the customer stays longer than five minutes is {T|T > 5}.

Example 1.7

Monitor three customers in the Phonesmart store. Classify the behavior as buying (b)
if a customer purchases a smartphone. Otherwise the behavior is no purchase {n). An
outcome of the experiment is a sequence of three customer decisions. We can denote
each outcome by a three-letter word such as bnb indicating that the first and third
customers buy a phone and the second customer does not. We denote the event that
customer i buys a phone by B; and the event customer 4 does not buy a phone by
Ni. The event By = {nbn,nbb,bbn,bbb}. We can also express an outcome as an
intersection of events B; and NV;. For example the outcome bnd = BN, Bj3.

Quiz 1.1

Monitor three consecutive packets going through a Internet router. Based on the
packet header, each packet can be classified as either video (v) if it was sent from
a Youtube server or as ordinary data (d). Your observation is a sequence of three
letters {each letter is either v or d). For example, two video packets followed by
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one data packet corresponds to vvd. Write the elements of the following sets:

A; = {second packet is video}, By -~ {second packet is data},
A; = {all packets are the same}, By — {video and data alternate},
Az = {one or more video packets}, Bs = {two or more data packets}.

For each pair of events A; and By, Az and B, and so on, identify whether the pair
of events is either mutually exclusive or collectively exhaustive or both.

1.2 Probability Axioms

A probability model assigns a number between 0 and 1 to every
event. The probability of the union of mutually exclusive events is
the sum of the probabilities of the events in the nmon

Thus far our model of an experiment consists of a procedure and observations. This
leads to a set-theory representation with a sample space (universal set S ), outcomes
(s that are elements of S), and events (A that are sets of elements). To complete
the model, we assign a probability P[A] to every event, A, in the sample space.
With respect to our physical idea of the experiment, the probability of an event is
the proportion of the time thai event is observed in a large number of runs of the
experiment. This is the relative frequency notion of probability. Mathematically,
this is expressed in the following axioms.

Definition 1.4 ‘Axioms of Probability
A probability measure P[] is o function thal maps events in the sample space to real
numbers such that

Axiom 1 For any event A, P[A] > 0.
Axiom 2 P[5] = 1.

Axiom 3 For any countable collection Ay, As, ... of mutually ezclusive events

P41 U AU | = P[A| +P[Ag] +---.

We will build our entire theory of probability on these three axioms. Axioms
| and 2 simply establish a probability as a number between 0 and 1. Axiom 3
states that the probability of the union of mutually exclusive events is the sum of
the individua! probabilities. We will use this axiom over and over in developing
the theory of probability and in solving problems. In fact, it is really all we have
to work with. Everything else follows from Axiom 3. To use Axiom 3 to solve a
practical problem, we will learn in Section 1.4 to analyze a complicaied event as the
union of mutually exclusive events whose probabilities we can calculate. Then, we
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will add the probabilities of the mutually exclusive events to find the probability of
the complicated event we are interested in.

A useful extension of Axiom 3 applies to the union of two mutually exclusive
events.

“Theorem 1.1
For mutually exclusive cvents Ay and Ag,

P[A; UAy] = PlA;] + P[Ay)]

Although it may appear that Theorem 1.1 is a trivial special case of Axiom 3, this
is not so. In fact, a simple proof of Theorem 1.1 may also use Axiom 2! If yoil are
curious, Problem 1.2.13 gives the first steps toward a proof. It is a simple matter
to extend Theorem 1.1 to any finite union of mutually exclusive sets.

Theorem 1.2
IfA= A Ud U LA, andAiﬂAj & for i+ 4, then

Pl = PlA]

In Chapter 10, we show that the probability measure established by the axioms
corresponds to the idea of relative frequency. The correspondence refers to a se-
quential experiment consisting of n repetitions of the basic experiment. We refer to
each repetition of the experiment as a #réal. In these n trials, N4(n) is the number
of times that event A occurs. The relative frequency of A is the fraction Na(n)/n.
Theorem 10.7 proves that lin, o, Na(n)/n = P[A].

-Here we list some properties of probabilities that follow directly from the three
axioms. While we do not supply the proofs, we suggest that students prove at least
some of these theorems in order to gain experience working with the axioms.

Theorem 1.3
The probability measure P[] satisfies

{a) Pl2] = 0.
(b) P[A] =1 — P[A].
(¢) For any A and B (not necessarily mutually exclusive),

P[AUB] =P[4]+P[B]-P[AN B].

(d) If A C B, then P[4] < P[B).
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Another consequence of the axioms can be expressed as the following theorem:

Theorem 1.4
The probability of an event B = {51,82,.. »8m} is the sum of the probabilities of
the outcomes contained in the event:

P [B] Z P [{s:}]

Proof Each outcome s; is an event (a set) with the single element 8. Since outcomes by
definition are mutually exclusive, B can be expressed as the union of m mutually exclusive
sets:

B={si}uU{sa} U U{sm} (1.6)

with {si} N {s;} = @ for i # j. Applying Theorem 1.2 with B; = {s:} yields

m.

P[B] = Y P{s}] (1.7)

=1

Comments on Notation

We use the notation P[] to indicate the probability of an event. The expression in
the square brackets is an event. Within the context of one experiment, P[A] can
be viewed as a function that transforms event A to a nwmber between 0 and 1.

Note that {s;} is the formal notation for a set with the single element s;. For
convenience, we will sometimes write P{s;] rather than the more complete P[{s;}]
to denote the probability of this outcome.

We will also abbreviate the notation for the probability of the intersection of two
events, P]A N B, Sometimes we will write it as P[A, B] and sometimes as P[AB].
Thus by definition, P[A N B] = P[A, B] P[AB].

Equally Likely Outcomes

A large number of experiments have a sample space S = {s1, .- .. 8y} in which our
knowledge of the practical situation leads us to believe that no one outcome is any
more likely than any other. In these experiments we say that the n outcomes are
equally likely. In such a case, the axioms of probability imply that every outcome
has probability 1/7n.

Theorem 1.5
For an experiment with sample space S = {s1,-..,8n} in which each outcome 8; 15
equally likely,

Pls]=1/n 1<i<n.
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Proof Since all outcomes have equal ili i
. qual probability, there exist i
+=1,...,n Theorem 1.4 implies SR e
P§]=Pls1] + -+ P[sn] = np. (1.8)
Since Axiom 2 says P[S] =1, p=1/n.

Example 1.8

Roll a six-sided d.ie in which all faces are equally likely. What is the probability of
each ou1§'come? Find the probabilities of the events: “Roll 4 or higher,” “Roll an even
number,” and “Roll the square of an integer.” I

p y u i = P - p
Y [ ] / Ela H

» P[Roll 4 or higher] = P[4] + P[5] + P[6] = 1/2.
# P[Roll an even number] = P[2] +P[4] + P[6] = 1/2.
e P[Roll the square of an integer] = P[1] + P[4] = 1/3.

Quiz 1.2
A stu‘dent’s test score T is an integer between 0 and 100 corresponding to the
experimental outcomes sq, ..., 8100- A score of 90 to 100 is an A, &0 td 80isa B
b

']ZOtto 79 ;sla CCi 613[()) Oto 69 is a D, and below 60 is a failing grade of F. If all scores
etween 51 an are equally likely and a score of 5

the following probabilities: 16 0 B0 o fess mever ooeurs, find
(a) P[{s1o0}] (b) P[A]

(c; PLF] (d) P[T < 90

(e) Pla C grade or befter] (f) P[student passes|

1.3 Conditional Probability

Conditional probabilities correspond to a modified probability
model. that reflects partial information about the outcome of an
experiment. The modified model has a smaller sample space than
the original model.

As we suggested earlier, it is sometimes useful to interpret P[A] as our knowledge
of the occurrence of event A before an experiment takes place. If P[A4] = 1, we
3
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have advance knowledge that A will almost certainly occur. P[A] = 0 reflects
strong knowledge that A is unlikely to occur when the experiment takes place.
With P[A] = 1/2, we have little knowledge about whether or not A will occur.
Thus P[A] reflects our knowledge of the occurrence of A prior to performing an
experiment. Sometimes, we refer to P[A| as the a priori probability, or the prior
probability, of A.

In many practical situations, it is not possible to find out the precise outcome of
an experiment. Rather than the outcome s;, itsell, we obtain information that the
outcome is in the set B. That is, we learn that some event B has occurred, where
B consists of several outcomes. Conditional probability describes our knowledge of
A when we know that B has occurred but we still don’t know the precise outcome.
The notation for this new probability is P[A|B]. We read this as “the probability of
A given B.” Before going to the mathematical definition of conditional probability,
we provide an example that gives an indication of how conditional probabilities can
be used.

Example 1.9
Consider an experiment that consists of testing two integrated circuits (IC chips) that
come from the same silicon wafer and observing in each case whether a chip is accepted
(a) or rejected (r). The sample space of the experiment is § = {rr,ra, ar,0a}. Let B
denote the event that the first chip tested is rejected. Mathematically, B = {rr,ra}.
Similarly, let A = {rr,ar} denote the event that the second chip is a failure.

The chips come frem a high-quality production line. Therefore the prior probability
P[A] is very low. In advance, we are pretty certain that the second circuit will be
accepted. However, some wafers become contaminated by dust, and these wafers have
a high proportion of defective chips. When the first chip is a reject, the outcome of the
experiment is in event B and P[A|B], the probability that the second chip will also be
rejected, is higher than the a priori probability P[A] because of the likelihood that dust
contaminated the entire wafer.

Definition 1.5 Conditional Probability
The conditional probability of the event A given the occurrence of the event B is
P[AB]
P[A|B] =
418)= 575

Conditional probability is defined only when P[B] > 0. In most experiments,
P[B] = 0 means that it is certain that B never occurs. In this case, it is illogical to
speak of the probability of A given that B occurs. Note that P[A|B] is a respectable
probability measure relative to a sample space that consists of all the outcomes in
B. This means that P[A|B] has properties corresponding to the three axioms of
probability.

1.3 CONDITIONAL PROBABILITY 13
Thearem 1.6

A conditional probability measure P[A|B] has the following properties that corre-
spond to the axioms of probability.

Aziom 1: P[A|B] > 0.
Agiom 2: P[B|B]=1.
Aziom 3: If A = Ay U Ay U+ with A, A; = & fori# j, then

P [A|B] - P [Ay|B] + P [43|B)

You should be able to prove these statements using Definition 1.5.

Example 1.10
With respect to Example 1.9, consider the a priori probability madel

P[rr] =0.01, P[ral=0.01, Plar] =001, Plaa]=0.97. {1.9)

Find the probability of A = "second chip rejected” and B = “first chip rejected.” Also
find the conditional probability that the second chip is a reject given that the first chip
is a reject.

We saw in Example 1.9 that A is the union of two mutually exclusive events (outcomes)
rr and ar. Therefore, the a priori probability that the second chip is rejected is

P[A] = P[rr] + Plar] = 0.02 (1.10)
This is also the a priori probability that the first chip is rejected:
P[B] =P [rr] + P[ra] = 0.02. (1.11)

The conditional probability of the second chip being rejected given that the first chip
is rejected is, by definition, the ratio of P[AB] to P[B)], where, in this example,

P [AB] = P [both rejected] = P [r7] = 0.01 (1.12)
Thus
P [A|B] P;[‘[A‘;]] = 0.01/0.02 = 0.5. (1.13)

The information that the first chip is a reject drastically changes our state of knowledge
about the second chip. We started with near certainty, P[A] = 0.02, that the second
chip would not fail and ended with complete uncertainty about the quality of the second
chip, P[A|B} = 0.5.

Example 1.11
Roll two fair four-sided dice. Let X; and X» denote the number of dots that appear
on die 1 and die 2, respectively. Let A be the event X > 2. What is P[A]? Let B
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denote the event X > X;. What is P[B]? What is P[A|B]?

X2 We begin by observing that the sample space has 16 ele-
1 A ments corresponding to the four possible values of X; and
1/|Ba | & o /o the same four values of X,. Since the dice are fair, the

outcomes are equally likely, each with probability 1/16.

We draw the sample space as a set of black circles in

2lege o e a two-dimensional diagram, in which the axes represent

e es & o the events X; and X,. Each outcome is a pair of val-

~ X, ues (X1, X3). The rectangle. represents A. It contains 12
outcomes, each with probability 1/16.

To find P[A], we add up the probabilities of outcomes in A, so P[4] = 12/16 = 3/4.
The triangle represents B. It contains six outcomes. Therefore P[B] = 6/16 = 3/8.
The event AB has three outcomes, (2,3),(2,4),(3,4), so P[AB] = 3/16. From the
definition of conditional probability, we write

PAB] 1

P~ 3 (1.14)

I 2 3 4

P[A|B]

We can also derive this fact from the diagram by restricting our attention to the s.ix
outcomes in B (the conditioning event) and noting that three of the six outcomes in
B (one-half of the total) are also in A.

Quiz 1.3

Monitor three consecutive packets going through an Internet router. Classify each
one as either video (v) or data (d). Your observation is a sequence of three letters
(each one is either v or d). For example, three video packets corresponds to vov.
The outcomes vvw and ddd each have probability 0.2 whereas each of the other
outcomes vvd, vdv, vdd, dvv, dvd, and ddv has probability 0.1. Count the number
of video packets Ny in the three packets you have observed. Describe in words and
also calculate the following probabilities:

(a) P[Ny = 2| (b) P[Ny > 1]
(¢) P[{vvd}| Ny = 2] (d) P{{ddv}|Ny 2]
(¢) P[Ny = 2|Ny > 1] (f) P[Ny 2 1|Ny =2

1.4 Partitions and the Law of Total Probability

A partition divides the sample space into mutually exclusive sets.
The law of total probability expresses the probability of an event
as the sumn of the probabilities of outcomes that are in the separate
sets of a partition.
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Figure 1.1 In this example of Theorem 1.7, the partition is B = {By, Ba, Bs, B4} and
Ci=ANB;fori=1,.. ,4. It should be apparent that A = C; UC; UCa U Cy.

Example 1.12
Flip four coins, a penny, a nickel, a dime, and a quarter. Examine the coins in order
(penny, then nickel, then dime, then quarter} and observe whether each coin shows a

head () or a tail (t). What is the sample space? How many elements are in the sample
space?

The sample space consists of 16 four-letter words, with each letter either % or ¢. For
example, the outcome {thh refers to the penny and the nickel showing tails and the
dime and quarter showing heads. There are 16 members of the sample space.

Example 1.13

Continuing Example 1.12, fet B; = {outcomes with i heads}. Each B; is an event
containing one or more outcomes. For example, B = {ttth, ttht, thit, httt} contains
four outcomes. The set B = {By, By, By, B3, By} is a partition. lts members are
mutually exclusive and collectively exhaustive. It is not a sample space because it lacks
the finest-grain property. Learning that an experiment produces an event B; tells you
that one coin came up heads, but it doesn't tell you which coin it was.

The experiment in Example 1.12 and Example 1.13 refers to a “toy problem,”
one that is easily visualized but isn’t something we would do in the course of our
professional work. Mathematically, however, it is equivalent to many real engi-
neering problems. For example, observe a pair of modems transmitting four bits
from one computer to another. For each bit, observe whether the receiving modem
detects the bit correctly (c) or makes an error (e). Or test four integrated circuits.
For each one, observe whether the circuit is acceptable (a) or a reject (r).

In all of these examples, the sample space contains 16 four-letter words formed
with an alphabet containing two letters. If we are interested only in the number of
times one of the letters occurs, it is sufficient to refer only to the partition B, which
does not contain all of the information about the experiment but does contain all
of the information we need. The partition is simpler to deal with than the sample
space because it has fewer members (there are five events in the partition and 16
outcomes in the sample space). The simplification is much more significant when
the complexity of the experiment is higher. For example, in testing 20 circuits the
sample space has 2°0 = 1,048,576 members, while the corresponding partition has
only 21 members.
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We observed in Section 1.2 that the entire theory of probability is based on a
union of mutually exclusive events. The [ollowing theorem shows how to use a
partition to represent an event as a union of mutually exclusive events.

Theorem 1.7
For a partition B = {Bi, Ba, .. .} and any event A in the sample spuce, let C;
AN B;. Fori#j, the events C; and C; are mutually exclusive and

A=CiuCyU---

Figure 1.1 is a picture of Theorem 1.7.

Example 1.14 -
In the coin-tossing experiment of Example 1.12, let A equal the set of outcomes with

less than three heads:

A = {titt, httt, thtt, ttht, ttth, hhtt, htht, hith, tthh, thth, thht} . (1.15)

From Example 1.13, let B; = {outcomes with i heads}. Since {Bg,...,Ba} is a par-
tition, Theorem 1.7 states that

A:(AnBo)u(AmBl)u(Ant)u(AmBg)u(AnB4) (1.16)

In this example, B; C A, for i =0,1,2. Therefore AN B; = B; for i.: 0,1,2. Also,
fori=3andi=4, ANDB; = @ so that A = By U B; U By, a union of mutusll.y
exclusive sets. In words, this example states that the event “less than three heads” is
the union of events “zero heads,” “one head,” and “two heads."”

We advise you to make sure you understand Theorem 1.7 and Example 1.14.
Many practical problems use the mathematical technique containetll in jche- theorem.
For example, find the probability that there are three or more bad circuits in a batch

that comes [rom a fabrication machine.

The following theorem refers to a partition {Bi1,Bs,...,Bp} and any .event, A
Tt states that we can find the probability of A by adding the probabilities of the
parts of A that are in the separate components of the event space.

Theorem 1.8
For any event A, and partition {B1, Ba, .. , B},

P[Al = iP[AﬂBd.

Proof The proof follows directly from ‘Theorem 1.7 and Theorem 1.2. In this case, the
mutually exclusive sets are C; = {AN B} .
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Theorem 1.8 is often used when the sample space can be written in the form of a
table. In this table, the rows and columns each represent a partition. This method
is shown in the following example.

Example 1.15

A company has a model of email use. !t classifies all emails as either long ({), if they
are over 10 MB in size, or brief (b). It also observes whether the email is just text
(¢), has attached images (i), or has an attached video (v). This model implies an
experiment in which the procedure is to monitor an email and the cbservation consists
of the type of email, £, 4, or v, and the length, [ or &. The sample space has six
outcomes: S = {lt,bt,li,bi,lv,bu}. In this problem, each email is classifed in two
ways: by length and by type. Using L for the event that an email is long and B for the
event that a email is brief, {L, B} is a partition. Similarly, the text (T'), image (I}, and
video (V') classification is a partition {7, 1, V'}. The sample space can be represented
by a table in which the rows and columns are labeled by events and the intersection of
each row and column event contains a single outcome. The corresponding table entry
is the probability of that outcome. In this case, the table is

T I Vv
L |03 012 0.15 (1.17)
B |02 008 0.15

For example, from the table we can read that the probability of a brief image email is
P[bi] = P[BI] = 0.08. Note that {T',I, V'} is a partition corresponding to { By, Bz, B3}
in Theorem 1.8. Thus we can apply Theorem 1.8 to find the probability of a long email:

P[L] = P[LT]+P[LI]+P[LV] = 0.57. (1.18)

Law of Total Probability

In many applications, we begin with information about conditional probabilities
and use the law of total probability to calculate unconditional probabilities.

Theorem 1.9 - Law of Total Probability
For o partition {By, Ba, ..., B} with P[B;] > 0 for all 4,

P[A] = ZP[AiBi]P[Bi]'

i=1

Proof This follows from Theorem 1.8 and the identity P[AB.] = P[A|5B;] P[3;], which is a
direct consequence of the definition of conditional probability.

The usefulness of the result can be seen in the next example.
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Example 1.16 _
A company has three machines B, DB, and Bs making 1 k€2 resistors. Resistors
within 50 € of the nominal value are considered acceptable. It has been observed that
80% of the resistors produced by By and 90% of the resistors prod_uced by By are
acceptable. The percentage for machine B is 60%. Each hour, mach.me B, produces
3000 resistors, Ba produces 4000 resistors, and B3 produces 3000 resistors. All of thle
resistors are mixed together at random in one bin and packed for shipment. What is

Let A = {resistor is acceptable}. Using the resistor accuracy information to formulate
a probability model, we write

P[A|Bi] =08, P[ABy] 09, PIA|Bs]=06. (1.19)

The production figures state that 3000 + 4000 + 3000 = 10,000 resistors per h.ou.r are
produced. The fraction from machine B; is P[B;] = 3000/10,000 = 0.3. Similarly,
P[B;] = 0.4 and P[B3] = 0.3. Now it is a simple matter to apply the law of total
probability to find the acceptable probability for all resistors shipped by the company:

P[A] = P[A|B] P Bi1] + P [A|Ba| P [Bs] + P [A| B3] P [B]
(0.8)(0.3) + (0.9)(0.4) + (0.6)(0.3) = 0.78. (1.20)

For the whole factory, 78% of resistors are within 50 Q of the nominal value.

Bayes’ Theorem

When we have advance information about P[A|B] and need to calculate P{B|A],
we refer to the following formula:

Theorem 1.10 Bayes' theorem

P[A|B|P B
P[B|A] = ————[ ll:’[LL][ ]
Proof
P[AB] P[A|B|P[B] ‘
P[B|A] P[[A] BIA] , {1.21)

Bayes’ theorem is a simple consequence of the definition of conditional probability.
Tt has a name because it is extremely useful for making inferences about phenomena
that cannot be observed directly. Sometimes these inferences are described as “rea-
soning about causes when we observe eflects.” For example, let {B1,..., Bm} be
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a partition that includes all possible states of something that interests us but that
we cannot observe directly (for example, the machine that made a particular resis-
tor). For each possible state, B;, we know the prior probability P[B;] and P[4|B;],
the probability that an event A occurs (the resistor meets a quality criterion) if
LB, is the actual state. Now we observe the actual event (either the resistor passes
or fails a test), and we ask about the thing we are interested in (the machines
that might have produced the resistor). That is, we use Bayes’ theorem to find
P[B|A],P[B3|4],...,P[Bm|A]. In performing the calculations, we use the law of
total probability to caleulate the denominator in Theorem 1.10. Thus for state B;,

P [A|B;] P [B;]
Y1 PIAIBP (B

P [B;| A] (1.22)

Example 1.17
In Example 1.16 about a shipment of resistors from the factory, we learned that:

o The probability that a resistor is from machine B is P[B3] = 0.3.

e The probability that a resistor is acceptable — i.e., within 50 {1 of the nominal
value — is P[A4] = 0.78.

e Given that a resistor is from machine Bs, the conditional probability that it is
acceptable is P[A| B3] = 0.6.

What is the probability that an acceptable resistor comes from machine By?

Now we are given the event A that a resistor is within 50 2 of the nominal value, and
we need to find P[B3|A]. Using Bayes' theorem, we have

P [A|B3] P [B3] _

(1.23)

Since all of the quantities we need are given in the problem description, our answer is
P [B3|A] = (0.6)(0.3)/(0.78) = 0.23. (1.24)

Similarly we obtain P[B;|A] = 0.31 and P|Bz|A] = 0.46. Of all resistors within 50 Q
of the nominal value, only 23% come from machine By (even though this machine
produces 30% of all resistors). Machine By produces 31% of the resistors that meet
the 50 Q) criterion and machine B; produces 46% of them.

Quiz 1.4
Monitor customer behavior in the Phonesmart store. Classify the behavior as buy-
ing (B) if a customer purchases a smartphone. Otherwise the behavior is no pur-
chase (V). Classify the time a customer is in the store as long (L) il the customer
stays more than three minutes; otherwise classify the amount of time as rapid

(R). Based on experience with many customers, we use the probability model
P[N] = 0.7, P[L] = 0.6, P[NL] = 0.35. Find the following probabilities:
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(a) P[BUL] (b) PINUI]
(¢) P[N U B] (d) P[LR]

1.5 Independence

Two events are independent 1f observing one event does not change
the probability of observing the other event.

Definition 1.6 Two Independent Events
Euvents A and B are independent if and only if

P[AB] =P [A|P[B]

When events A and B have nonzero probabilities, the following formulas are equiv-
alent to the definition of independent events:

PlAIB|=P[4], P[B|4]=P[Bl. (1.25)

To interpret independence, consider probability as a description of our knowledge
of the result of the experiment. P[A] describes our prior knowledge (before the
experiment is performed) that the outcome is included in event A. The fact that
the outcome is in B is partial information about the experiment. P|A|B] reflects our
knowledge of A when we learn that B occurs. P[A|B] = P[A}. states that learning
that B eccurs does not change our information about A. It is in this sense that the
events are independent.

Problem 1.5.11 asks the reader to prove that if A and B are independent, tl.len
A and B¢ are also independent. The logic behind this conclusion is that _if learning
that event B occurs does not alter the probability of event A, then learning that B
does not occur also should not alter the probability of A. )

Keep in mind that independent and mutually exclus_lve are 'n,?t-syn-
onyms. In some contexts these words can have similar meanings, but this is n?t
the case in probability. Mutually exclusive events A and B have no outcomes 1n
common and therefore P[AB] = 0. In most situations independent cvents are not
mutually exclusivel Exceptions occur only when P[Al = 0 or P[B] = 0. When
we have to calculate probabilities, knowledge that events A and B are mutual‘ly
ezclusive is very helpful. Axiom 3 enables us to add their probabih_mes to obta,l‘n
the probability of the union. Knowledge that events C a.nd D are ?n-dependent is
also very useful. Definition 1.6 enables us to multiply their probabilities to obtain
the probability of the intersection.

Example 1.18 - o
Suppose that for the experiment monitoring three purchasing decisions in Exalmple 1.7,
each outcome (a sequence of three decisions, each either buy or not buy) is equally
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likely. Are the events Ba that the second customer purchases a phone and N that the

second customer does not purchase a phone independent? Are the events By and Bs
independent?

Each element of the sample space § = {bbb, bbn, bnb, bnn, nbb, nbn, nnb,nnn} has
probability 1/8. Each of the events

By = {bbb, bbn,nbb,nbn} and Ny = {bnb,bnn,nnb, nnn} (1.26)

contains four outcomes, so P[B;] = P[N;] = 4/8. However, B, "Ny = @ and
P{BaN2]) = 0. That is, By and N are mutually exclusive because the second cus-
tomer cannot both purchase a phone and not purchase a phone. Since P[ByNy| #
P[B5|P[Ns]. By and Ny are not independent. Learning whether or not the event Bs
(second customer buys a phone)} occurs drastically affects our knowledge of whether
or not the event Ny (second customer does not buy a phone} occurs. Each of the
events By = {bnn, bnb, bbn, bbb} and By = {bbn, bbb, nbn, nbb} has four outcomes,
so P[B1] = P[By] = 4/8 = 1/2. In this case, the intersection B; N By = {bbn, bbb}
has probability P[ByBs] = 2/8 = 1/4. Since P[By Bz] = P[B;]| P[By], events B; and
B, are independent. Learning whether or not the event B (second customer buys
a phone) occurs does not.affect our knowledge of whether or not the event B (first
customer buys a phone) occurs.

In this example we have analyzed a probability model to determine whether two
events are independent. In many practical applications we reason in the opposite
direction. Our knowledge of an experiment leads us to assume that certain pairs of
events are independent. We then use this knowledge to build a probability model
for the experirent.

Example 1.19

Integrated circuits undergo two tests. A mechanical test determines whether pins have
the correct spacing, and an electrical test checks the relationship of outputs to inputs.
We assume that electrical failures and mechanical failures occur independently. Qur
information about circuit production tells us that mechanical failures occur with prob-
ability 0.05 and electrical failures occur with probability 0.2. What is the probability
medel of an experiment that consists of testing an integrated circuit and observing the
results of the mechanical and electrical tests?

To build the probability model, we note that the sample space contains four outcomes:
S = {{ma, ea), (ma, er), (mr,ea), (mr,er)} (1.27)

where m denotes mechanical, e denotes electrical, o denotes accept, and r denotes
reject. Let M and E denote the events that the mechanical and electrical tests are
acceptable. Qur prior information tells us that P[A¢] = 0.05, and P[E¢] = 0.2.
This implies P[M] = 0.95 and P[E] = 0.8. Using the independence assumption and
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Definition 1.6, we obtain the probabilities of the four outcomes:

P [(ma, ea)] = P [ME] = P [M]P [E] = 0.95 x 0.8 = 0.76, (1.28)
P [(ma, er)] = P [ME] = P [M] P [E] = 0.95 x 0.2 = 0.19, (1.29)
P [(rmr, )| = P [M°E] = P [M] P [E] = 0.05 x 0.8 = 0.04, (1.30)
P [(mrer)] = P[M°E®] = P[M°| P [E°] = 0.05 x 0.2 = 0.01. (1.31)

Thus far, we have considered independence as a property of a pair of events.
Often we consider larger sets of independent events. For more than two events to
be independent, the probability model has to meet a set of conditions. To define
mutual independence, we begin with three sets.

Definition 1.7 Three Independent Events
A;, Ag, and Az are mutually independent if and only if

(a) A1 and Ap are independent,
(b) Ay and Az are independent,
(c) Ay and Az are independent,
(d) P[A1 N Ay M Az = P[A;] P[A] P[A3].

The final condition is a simple extension of Definition 1.6. The following example
shows why this condition is insufficient to guarantee that “everything is independent
of everything else,” the idea at the heart of independence.

Example 1.20°
In an experiment with equiprobable outcomes, the partition is §' = {1,2,3,4}. P[s]
1/4 for all s € S. Are the events A; = {1,3,4}, Ay = {2,3,4}, and A3 = & mutually
independent?

These three sets satisfy the final condition of Definition 1.7 because A; M Az NAs =&,
and

P [A]_ NAs N A3] =P [_Aﬂ P [Ag] P [Ag] 0. (132)
However, A, and As are not independent because, with all outcomes equiprebable,
P[A; N Ay =P[{3,4}] = 1/2 # P [A1] P [A3] — 3/4 % 3/4. (1.33)

Hence the three events are not mutually independent.

The definition of an arbitrary number of mutually independent events is an
extension of Definition 1.7
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Definition 1.8 More than Two Independent Events
Ifn > 3, the events Ay, Aa, ..., Ay are mutually independent if and only if

{a) all collections of n — 1 events chosen from Ay, Aqg, .. A, are mutually inde-
pendent,

(5) PlAL N Az 11 Ag] = P[A] P[Ag] ---P[A,].

This definition and Example 1.20 show us that when n > 2 it is a complex matter
to determine whether or not n events are mutually independent. On the other
hand, if we know that n events are mutually independent, it is a simple matter to
determine the probability of the intersection of any subset of the n events. Just
multiply the probabilities of the events in the subset.

Quiz 1.5

Monitor two consecutive packets going through a router. Classify each one as video
(v) if it was sent from a Youtube server or as ordinary data (d) otherwise. Your
observation is a sequence of two letters (either » or d). For example, two video
packets corresponds to vv. The two packets are independent and the probability
that any one of them is a video packet is 0.8. Denocte the identity of packet ¢ by Cj.
If packet ¢ is a video packet, then C; = v; otherwize, C; = d. Count the number
Ny of video packets in the two packets you have observed. Determine whether the
following pairs of events are independent:

(a) {Nv =2} and {Ny > 1}
(¢) {C5 = v} and {Cy = d}

(b) {Ny > 1} and {C; = v}
(d) {Cy = v} and {Ny is even}

1.6 MATLAB

The MATLAB programming environment can be used for studying
probability models by petrforming numerical calculations, sumulat-
ing experiments, and drawing graphs. Simulations make extensive
use of the MATLAB random number generator rand. In addition
to introducing aspects of probability theorv, each chapter of this
book concludes with a section that uses MATLAB to demonstrate
with numerical examples the concepts presented in the chapter.
All of the MATLAB programs in this book can be downloaded from
the companion website. On the other hand, the MATLAB sections
are not essential to understanding the theory. You can use this
text to learn probability without using MATLAB.

Engineers studied and applied probability theory long before the invention of MAT-
LAB. Nevertheless, MATLAB provides a convenient programming environment for
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solving probability problems and for building madels of probabilistic systems. Ver-
sions of MATLAR, including a low-cost student edition, are available for most com-
puter systems.

At the end of each chapter, we include a MATLAB section (like this one) that
introduces ways that MATLAB can be applied to the concepts and problems of the
chapter. We assume you already have some familiarity with the basics of running
MaTLAB. If vou do not, we encourage you to investigate the built-in tutorial, books
dedicated to MATLAB, and various Web resources.

MATLAR can be used two ways to study and apply probability theory. Like a
sophisticated scientific calculator, it can perform complex numerical calculations
and draw graphs. It can also simulate experiments with random outcomes. To
simulate experiments, we need a source of randomness. MATLAB uses a computer
algorithm, referred to as a pseudorandom number generator, to produce a sequence
of numbers between 0 and 1. Unless someone knows the algorithm, it is impossible
to examine some of the numbers in the sequence and thereby calculate others.
The calculation of each random number is similar to an experiment in which all
outcomes are equally likely and the sample space is all binary numbers of a certain
length. (The length depends on the machine running MATLAB.) Each number
is interpreted as a fraction, with a binary point preceding the bits in the binary
number. To use the pseudorandom number generator to simulate an experiment
that contains an event with probability p, we examine one number, v, produced by
the MATLAB algorithm and say that the event occurs if v < p; otherwise it does
not occur.

A MATLAB simulation of an experiment starts with rand: the random number
generator rand(m,n) returns an m x n array of pseudorandom numbers. Similarly,
rand(n) produces an n x n array and rand(1) is just a scalar random number.
Fach number produced by rand(1) is in the interval (0,1). Each time we use rand,
we get new, seemingly unpredictable numbers. Suppose p is a number between 0
and 1. The comparison rand(1) < p produces a 1 if the random number is less
than p; otherwise it produces a zero. Roughly speaking, the function rand{1) < p
simulates a coin flip with P[tail] = p.

Example 1.21
>> X=rand(1,4) Since rand(1,4) < 0.5 compares four ran-
= dom numbers against 0.5, the result is a ran-
0.0879 0.9626 0.6627 0.2023| dom sequence of zercs and ones that simulates
>> ¥<0.5 a sequence of four flips of a fair coin. We as-
ans = sociate the outcome 1 with {head} and 0 with
e _ o 8 & {tail}.

MATLAB also has some convenient variations on rand. For example, randi (k)
generates a random integer from the set {1,2,...,k} and randi(k,m,n) generates
an m x n array of such random integers.
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Example 1.22
Use MATLAB to generate 12 random student test scores 1" as described in Quiz 1.2.
Since randi(50,1,12) generates 12 test scores from the set {1,...,50}, we need
only to add 50 to each score to obtain test scores in the range {51,...,100}.

>> BO+randi(50,1,12)
ang =
69 78 60 68 93 99 7 95 88 57 51 90

Finally, we note that MATLAB’s random numbers are only seemingly unpre-
dictable. In fact, MATLAB maintains a seed value that determines the subsequent
“random” numbers that will be returned. This seed is controlled by the rag func-
tion; s=rng saves the current seed and rng(s) restores a previously saved seed.
Initializing the random number generator with the same seed always generates the
same sequence:

Example 1.23
>> s=rng;
»>» B0+randi(50,1,12)
ans =
89 76 80 80 T2 92 58 b6 77 78 59 58
>> rog(s);
»> BQ+randi(50,1,12)
ans =
89 76 80 80 T2 92 58 56 77 78 59 58

When you run a simulation that uses rand, it normally doesn’t matter how the
rng seed is initialized. However, it can be instructive to use the same repeatable
sequence of rand values when you are debugging your simulation.

Quiz 1.6
The number of characters in a tweet is equally likely to be any integer between 1
and 140. Simulate an experiment that generates 1000 tweets and counts the number
of “long” tweets that have over 120 characters. Repeat this experiment 5 times.

s

Problems S
Difficulty: . Easy Moderate Difficult Experts Only

1.1.1 - Ricardo’s offers customers two kinds  have tomato sauce or they can be white
of pizza crust, Roman (R) and Neapolitan  (W); Neapolitan pizzas always have tomato
(N). All pizzas have cheese but not all piz- sauce. It is possible to order a Roman pizza
zas have tomato sauce. Roman pizzas can  with mushrooms (M) added. A Neapolitan
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pizza can contain mushrooms or onions ((3)
or both, in addition to the tomato sauce and
cheese. Draw a Venn diagram that shows
the relationship among the ingredients N,
M, O, T, and W in the menu of Ricardo’s
pizzeria.

1.1.2 A hypothetical wi-fi transmission
can take place at any of three speeds
depending on the condition of the radio
channel between a laptop and an access
point. The speeds are high (k) at 54 Mb/s,
medium (m) at 11 Mb/s, and low {I) at
1 Mb/s. A user of the wi-fi connection can
transmit a short signal corresponding to a
mouse click (¢), or a long signal correspond-
ing to a tweet (). Consider the experiment
of monitoring wi-fi signals and observing
the transmission speed and the length. An
pbservation is a two-letter word, for exam-
ple, a high-speed, mouse-click transmission
is hm.

(a) What is the sample space?

{(b) A; is the event “medium speed connec-
tion.” What outcomes are in A;7

{c) Ao is the event “mouse click.” What
outcomes are in Aa?

(d) Let As be the event “high speed
connection or low speed connection.”
What are the outcomes in Az7

(e) Are A1, Az, As mutually exclusive?
(f} Are A, Az, Ay collectively exhaustive?

1.1.3 An integrated circuit factory has
three machines X, ¥, and Z. Test one in-
tegrated circuit produced by each machine.
Either a circuit is acceptable (a) or it fails
(). An observation is a sequence of three
test results corresponding to the circuits
from machines X, ¥, and Z, respectively.
For example, aaf is the observation that
the circuits from X and Y pass the test and
the circuit from Z fails the test.

{a) What are the elements of the sample
space of this experiment?

(b) What are the elements of the sets

Zg = {circuit from Z fails},

X 4 = {circuit from X is acceptable}

{c) Are Zr and X4 mutually exclusive?
{d) Are Zr and Xa collectively exhaus-
tive?

() What are the elements of the sets

C = {more than one circuit acceptable}

D = {at least two circuits fail} .

(f) Are ¢ and DD mutually exclusive?
{g) Are C and D collectively exhaustive?

1.1.4 Shuffle a deck of cards and turn over
the first card. What is the sample space of
this experiment? How many outcomes are
in the event that the first card is a heart?

1.1.5 Find out the birthday (month and
day but not year) of a randomly chosen per-
son. What is the sample space of the ex-
periment? How many outcomes are in the
event that the person is born in July?

1.1.6 The sample space of an experiment
consists of all undergraduates at a univer-
sity. ‘Give four examples of partitions.

1.1.7 The sample space of an experiment
consists of the measured resistances of two
resistors. Give four examples of partitions.

1.2.1 Find P{B] in each case:

(a) Events A and B are a partition and
P[4] = 3P[B].

(b) For events A and B, P[AU B] = P[4]
and P[ANB] =0.

(¢) Forevents A and B, P[AU B] = P|A]-
P[B].

1.2.2 You roll two fair six-sided dice; one
die is red, the other is white. Let R; be the
event that the red die rolls . Let W; be the
event, that the white die rolls j.

(a) What is P[RgWg}?

{b) What is the P[S5] that the sum of the
two rolls is 57

1.2.3  You roll two fair six-sided dice.
Find the probability P[Ds] that the abso-
lute value of the difference of the dice is 3.

1.2.4 Indicate whether each statement is
true or false.

(a) It P[A] - 2P[A®], then P[A] = 1/2.
(b) For all A and B, P[AB] < P|4] P[B].
{c) Ii P[A] < P[B], then P[AB] < P[B].
(d) Tf P[A" B] = P|A], then P[A] > P[B].

1.2.5 Computer programs are classified by
the length of the source code and by the
execution time. Programs with more than
150 lines in the source code are big (B).
Programs with < 150 lines are little (L).
Fast programs (F) run in less than 0.1 sec-
onds. Slow programs (W) require at least
0.1 seconds. Monitor a program executed
by a computer. Observe the length of the
source code and the run time. The prob-
ability model for this experiment contains
the following information: P[LF] = 0.5,
P[BF]| = 0.2, and P[BW] = (.2. What is
the sample space of the experiment? Calcu-
late the following probabilities: P[W], P[B],
and P[W U B].

1.2.6 There are two types of cellular
phones, handheld phones (f) that you
carry and mobile phones (M) that are
mounted in vehicles. Phone calls can be
classified by the traveling speed of the user
as fast (F) or slow {W). Monitor a cellular
phone call and observe the type of telephone
and the speed of the user. The probability
model for this experiment has the follow-
ing information: P[F] = 0.5, P[HF] = 0.2,
PIMW] = 0.1. What is the sample space of
the experiment? Find the following proba-
bilities P[W], P[MF|, and P[H].

1.2.7 Shuffle a deck of cards and turn over
the first card. What is the probability that
the first card is a heart?

1.5.8 " You have a six-sided die that you
roll once and observe the number of dots
facing upwards. What is the sample space?
What is the probability of each sample out-
come? What is the probability of &, the
event that the roll is even?

1.2.9 A student’s score on a 10-point quiz
is equally likely to be any integer between
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0 and 10. What is the probability of an A,
which requires the student to get a score
of 9 or more? What is the probability the
student gets an F by getting less than 47

1.2.10 . Use Theorem 1.3 to prove the fol-
lowing facts:

(8) PIAUB] > P4
(b) PIAUB] > P[B]
(c) PIANB] < P[A
(d) PlAN B] <P[H]

1.2.11" Use Theorem 1.3 to prove by in-
duction the union bound: For any collection
of events Ai1,..., An,

PA1UA U - UA € PA]

i=1

1.2.12 Using only the three axioms of
probability, prove P[@] = 0.

1.2.13 Using the three axioms of proba-
bility and the fact that P[@] = 0, prove
Theorem 1.2. Hint: Define A; = B; for
i=1,...,mand A, = @& for i > m.

1.2.14 . For each fact stated in Theo-
rem 1.3, determine which of the three ax-
ioms of probability are needed to prove the
fact.

1.3.1 Mobile telephones perform handeffs
as they move from cell to cell. During a
call, a telephone either performs zero hand-
offs (Ho}, one handoff (H:), or more than
one handoff (H2). In addition, each call is
either long (L), if it lasts more than three
minutes, or brief (B). The following table
describes the probabilities of the possible
types of calls.

| Ho Hi H;
L]0l 01 02
B|04 01 01

{a) What is the probability that a brief call
will have no handoffs?

{b) What is the probability that a call with
one handoff will be long?
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(c) What is the probability that a long call
will have one or more handoffs?

1.3.2  You have a six-sided die that you
roll once. Let R; denote the event that
the roll is 4. Let (3 denote the event that
the roll is greater than j. TLet E dencte
the event that the toll of the die is even-
numbered.

(a) What is P[Rs|G:1], the conditional
probability that 3 is rolled given that
the roll is greater than 17

(b) What is the conditional probability
that 6 is rolled given that the roll is
greater than 37

(¢} What is P[G3|E], the conditional prob-
ability that the roll is greater than 3
given that the roll is even?

(d) Given that the roll is greater than 3,
what is the conditional probability that
the roll is even?

1.3.3 You have a shuffled deck of three
cards: 2, 3, and 4. You draw one card. Let
¢, denote the event that card ¢ is picked.
Let E denote the event that the card cho-
sep. is a even-numbered card.

(a) What is P{C2|E]|, the probability that
the 2 is picked given that an even-
numbered card is chosen?

{b) What is the conditional probabﬂity
that an even-numbered card is picked
given thal the 2 is picked?

1.3.4 Phonesmart is having a sale on Ba-
nansas. If you buy one Banana at full price,
you get a second at half price. When cou-
ples come in to buy a pair of phones, sales
of Apricots and Bananas are equally likely.
Moreover, given that the first phone sold
is a Banana, the second phone is twice as
likely to be a Banana rather than an Apri-
cot. What is the probability that a couple
buys a pair of Bananas?

1.3.5 ‘The basic rules of genetics were dis-
covered in mid-1800s by Mendel, who found
that each characteristic of a pea plant, such
as whether the seeds were green or yellow,

ig determined by two genes, one from each
parent. In his pea plants, Mendel found
that yellow seeds were a dominant trait over
green seeds. A yy pea with two yellow genes
has vellow sceds; a gg pea with two reces-
sive genes has green seeds; a bybrid gy or yg
pea has vellow seeds. In one of Mendel’s ex-
periments, he started with a parental gen-
eration in which half the pea plants were yy
and half the plants were gg. The two groups
were crossbred so that each pea plant in the
first generation was gy. In the second gen-
eration, each pea plant was equally likely
to inherit a y or a g gene from each first-
generation parent. What is the probability
P[Y] that a randomly chosen pea plant in
the second generation has yellow seeds?

1.3.6 . From Problem 1.3.5, what is the
conditional probability of yy, that a pea
plant has two dominant genes given the
event ¥ that it has yellow seeds?

1.3.7 You have a shuffled deck of three
cards: 2, 3, and 4, and you deal out the
three cards. Let E; denote the event that
ith card dealt is even numbered.

(a) What is P[FEz|E1], the probability the
gecond card is even given that the first
card is even?

(b) What is the conditional probability
that the first two cards are even given
that the third card is even?

(c) Let O; represent the event that the ith
card dealt is odd numbered. What is
P[E2|01], the conditional probability
that the second card is even given that
the first card is odd?

(d) What is the conditional probability
that the second card is odd given that
the first card is odd?

1.3.8 Deer ticks can carry both Lyme dis-
ease and human granulocyiic ehrlichiosis
(HGE). In a study of ticks in the Midwest,
it was found that 16% carried Lyme dis-
ease, 10% had HGE, and that 10% of the
ticks that had either Lyme disease or HGE
carried both diseases.

(a) What is the probability P{LH] that a
tick carries both Lyme disease (L) and
HGE (H)?

(b) What is the conditional probability
that a tick has HGE given that it has
Lyme disease?

1.4.1 Given the model of handofs and call
lengths in Problem 1.3.1,

(a) What is the probability P[Hy] that a
phone makes no handoffs?

(b) What is the probability a call is brief?

{c) What is the probability a call is long or
there are at least two handofis?

1.4.2 For the telephone usage model of
Example 1.15, let By, denote the event that
a call is billed for m minutes. To generate a
phone bill, observe the duration of the call
in integer minutes {rounding up). Charge
for M minutes M = 1,2,3,... if the exact
duration T is M — 1 < ¢+ < M. A more
complete probability model shows that for
m = 1,2,... the probability of each event
B, is

P[Bm] =a(l —a)™ !

where & = 1 — (0.57)"/* = 0.171.

(a) Classify a call as long, L, if the call
lasts more than three minutes. What
is P[L]?

(b) What is the probhability that a call will
be billed for nine minutes or less?

1.4.3 Suppose a cellular telephone is
equally likely to make zero handoffs {Hyp),
one handoff (Hi), or more than one hand-
off (FH2). Also, a caller is either on foot (F)
with probability 5/12 or in a vehicle (V).

{a) Given the preceding information, find
three ways to fill in the following prob-
ability table:

| Ho H. Ho

I3
v
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{b) Suppose we also learn that 1/4 of all
callers are on foot making calls with no
handoffs and that 1/6 of all callers are
vehicle users making calls with a single
handoff. Given these additional facts,
find all possible ways to fill in the table
of probabilities.

1.5.1 TIs it possible for A and B to be in-
dependent events yet satisfy A = B7

152 Events A and B are equiproba-
ble, mutually exclusive, and independent.
What is P[A]?

1.5.3 At a Phonesmart store, sach phone
sold is twice as likely to be an Apricot as a
Banana. Also each phone sale is indepen-
dent of any other phone sale. If you monitor
the sale of two phones, what is the probabil-
ity that the two phones sold are the same?

1.5.4 Use a Venn diagram in which the
event areas are proportional to their prob-
abilities to illustrate two events A and B
that are independent.

1.5.5 1In an experiment, A and B are mu-

tually exclusive events with probabilities

P[A] =1/4 and P[B] = 1/8.

(a) Find P[AN B], P[AUB], P[An B,
and P[A U B°].

(b) Are A and B independent?

1.5.6 In an experiment, C and I} are in-

dependent events with probabilities P[C] =

5/8 and P[D] = 3/8.

(a) Determine the probabilities P[C'N D],
P[C N D¢, and P[C° N D).

(b} Are C° and D independent?

1.5.7 In an experiment, A and B are mu-

tually exclusive events with probabilities

P{AU B] =5/8 and P[A] = 3/8.

{a) Find P[B], P[AN B°], and P[A U B"].

{b) Are A and B independent?

1.58 In an experiment, C, and D
are independent events with probabilities
Pi{Cn D] =1/3, and P[C] = 1/2.

(a) Find P[D], P[C N D%, and P[C° N D?).
{b) Find P[C U D] and P[C'U 1°].
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(c) Are C and D° independent?

159 In an experimeni with equiproba-
ble outcomes, the sample space is ISl =
{1,2,3,4} and Pls] = 1/4 for all & € 5.
Find three events in § that are pairwise in-
dependent but are not independent. (Note:
Pairwise independent events meet the first
three conditions of Definition 1.7}.

1.5.10. (Continuation of Problem 1.3.5)
One of Mendel’s most significant results
was the conclusion that genes determin-
ing different characteristics are transmit-
ted independently. In pea plants, Mendel
found that round peas {r) are a domi-
nant trait over wrinkled peas (w). Mendel
crossbred a group of (rr,yy) peas with a
group of (ww,gg) peas. In this notation,
rr denotes a pea with two “round” genes
and ww denotes a pea with two “wrin-
kled” genes. The first generation were ei-
ther (rw, yg)v ('r"wugy)s (w'r, yg)! or ('w'rs gy)
plants with both hybrid shape and hybrid
color. Breeding among the first gener-
ation yielded second-generation plants in
which genes for each characteristic were
equally likely to be either dominant or re-
cessive. What is the probability P[Y] that
a second-generation pea plant has yellow

seeds? What is the probability P[] that
a second-generation plant has round peas?
Are B and Y independent events? How
many visibly different kinds of pea plants
would Mendel observe in the second gener-
ation? What are the probabilities of each
of these kinds?

1.5.11 For independent events A and B,
prove that

(a) A and B¢ are independent.
(b} A° and B are independent.
(c) A° and B° are independent.

1.5.12° Use a Venn diagram in which the
event areas are proportional to their proba-
bilities to illustrate three events 4, B, and
¢ that are independent.

1.5.13 Use a Venn diagram in which event
areas are in proportion to their probabilities
to illustrate events A, B, and C that are
pairwise independent but not independent.

1.6.1 Following Quiz 1.2, use MATLAB,
but not the randi function, to generate
s vector T of 200 independent test scores
quch that all scores between 51 and 100 are
equally likely.

Sequential Experim_ent:s

Many applications of probability refer to sequential experiments in which the pro-
cedure consists of many actions performed in sequence, with an observation tai{en
aifter eacy action. BEach action in the procedure together with the outcome asso-
ciated with it can be viewed as a separate experiment with its own probability

ﬁlodel. In analyzing sequential experiments we refer to the separate experiments
in the sequence as subexperiments.

2.1 Tree Diagrams

Tree diagrams display the outcomes of the subexperiments in a
sequential experiment. The labels of the branches are probabilities
and conditional probabilities. The probability of an outcoine of th;e
entire experimel‘}t is the product of the probabilities of branches
gomg from the root of the tree to a leaf.

Many experiments consist of a sequence of suberperiments. The procedure fol-
}owed for each subexperiment may depend on the results of the previous subexper-
iments. We often find it useful to use a type of graph referred to as a tree dia lrjam
to represent the sequence of subexperiments. To do so, we assemble the outcf)mes
of each subexperiment into sets in a partition. Starting at the root of the tree,! we
represent each event in the partition of the first subexperiment as a branch an,d we
label the branch with the probability of the event. Each branch leads to a node
The events in the partition of the second subexperiment appear as branches growin :
from every node at the end of the first subexperiment. The labels of the bra.nchei

1 . . . . o
Unlike b1010g1Ca.1 tIBES, which Erow from the gIOLlIld up, probabihtles usually Brow from left to
Ilght. Some of them have their roots on t()p and leaves on the bottom.

31
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of the second subexperiment are the conditional probabilities of the events in the
second subexperiment. We continue the procedure taking the remaining subexper-
iments in order. The nodes at the end of the final subexperiment are the leaves of
the tree. Each leaf corresponds to an outcome of the entire sequential experiment.
The probability of each outcome is the product of the probabilities and conditional
probabilities on the path from the root to the leaf. We usually label each leaf with
s name for the event and the probability of the event.

This is a complicated description of a simple procedure as we see in the following
five examples.

Example 2.1

For the resistors of Example 1.16, we used A to denote the event that a randomly
chosen resistor is “within 50 §2 of the nominal value.” This could mean “acceptable.”
We use the notation N (“not acceptable”) for the complement of A. The experiment
of testing a resistor can be viewed as a two-step procedure. First we identify which
machine (B, Ba, or Bs) produced the resistor. " Second, we find out if the resistor
is acceptable. Draw a tree for this sequential experiment. What is the probability of
choosing a resistor from machine By that is not acceptable?

This two-step procedure is shown in the

0.8 - A eBiA 0.24
o5~ B 4 N DN 0.08 tree on the Ieft._ To use the tree to
0.9~ A eByA 036 find the probability of the event BoN,
4— B, < a nonacceptable resistor from machine
0.1~ N eBzN  0.04 By, we start at the left and find that the

2.3 . .
Be == 4 B4 01 brobability of reaching Bj is P(Bz] =
0.4. We then move to the right to Ba V
and multiply P[Bs] by P[N|B;] = 0.1 to obtain P[ByN] = (0.4)(0.1) = 0.04.

We observe in this example a general property of all tree diagrams that represent
sequential experiments. The probabilities on the branches leaving any node add
up to 1. This is a consequence of the law of total probability and the property of
conditional probabilities that corresponds to Axiom 3 (Theorem 1.6). Moreover,
Axiom 2 implies that the probabilities of all of the leaves add up to 1.

Example 2.2

Traffic engineers have coordinated the timing of two traffic lights to encourage a run of
green lights. In particular, the timing was designed so that with probability 0.8 a driver
will find the second light to have the same color as the first. Assuming the first light
is equally likely to be red or green, what is the probability P[G'3] that the second light
is green? Also, what is P[W], the probability that you wait for at least one of the first
two lights? Lastly, what is P[G1]|Rz), the conditional probability of a green first light
given a red second light?
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The tree for the two-light experiment is

0.8 —Ga eG1Gy 0.4
o G1< shown on the left. The probability that
: 3R, 8Gy Ry 0.1 the second light is green is
02 -GoeRCs 01 P|Gz| = P[G1Ga] + P [Ra G
0.5 Rl< =0.4+0.1=05. (2.1)
0F~FRgeR:1Ry 0.4
The event W that you wait for at least

one light is the event that at least one
light is red.

W {Rl Ga UG1Ra U RIRQ} . (2.2)
The probability that you wait for at least one light is
P [W] =P [R1G2] +P [G]_Rg} +P [Rle] =014+01+04-=0.06. (23)

An alternative way to the same answer is to observe that W is also the complement of
the event that both lights are green. Thus,

P W] = P[(G1G2)] =1 - P[G1Ga] = 0.6. (2.4)

To find P[Glle], we need P{Rz] =1- P[Gg] = 0.5. Since P[Gle] 01. the
conditional probability that you have a green first light given a red second light is

PIGIRs] _O1_5 (2.5)

P [G1|Ra] P 05

The next example is the ”Monty Hall” game, a famous problem with a solution
that many regard as counterintuitive. Tree diagrams provide a clear explanation of
the answer.

Example 2.3 Monty Hall
In the Monty Hall game, a new car is hidden behind one of three closed doors while a
goat is hidden behind each of the other two doors. Your goal is to select the door that
hides the car. You make a preliminary selection and then a final selection. The game
proceeds as follows:

e You select a door.

e The host, Monty Hall (who knows where the car is hidden), opens one of the two
doors you didn't select to reveal a goat.

o Monty then asks you if you would like to switch your selection to the other
unopened door.

o After you make your choice (either staying with your original door, or switching
doors), Monty reveals the prize behind your chosen door.
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To maximize your probability P[C] of winning the car, is switching to the other door
either (a) a good idea, (b) a bad idea or (c) makes no difference?

To solve this problem, we will consider the “switch” and “do not switch” policies
separately. That is, we will construct two different tree diagrams: The first describes
what happens if you switch doors while the second describes what happens if you do
not switch.

First we describe what is the same no matter what policy you follow. Suppose the
doors are numbered 1, 2, and 3. Let H; denote the event that the car is hidden behind
door i. Also, let's assume you first choose door 1. {Whatever door you do choose,
that door can be labeled door 1 and it would not change your probability of winning.)
Now let R; denote the event that Monty opens door ¢ that hides a goat. If the car is
behind door 1 Monty can choose to open door 2 or door 3 because both hide goats.
He chooses door 2 or door 3 by flipping a fair coin. If the car is behind door 2, Monty
opens door 3 and if the car is behind door 3, Monty opens door 2. Let (' denote the
event that you win the car and G the event that you win a goat. After Monty opens
one of the doors, you decide whether to change your choice or stay with your choice of
door 1. Finally, Monty opens the door of your final choice, either door 1 or the door
you switched to.

The tree diagram in Figure 2.1{a} applies to the situation in which you change your
choice. From this tree we learn that when the car is behind door 1 {event H;) and
Monty opens door 2 (event Rs), you switch to door 3 and then Monty opens door 3 to
reveal a goat (event (). On the other hand, if the car is behind door 2, Monty reveals
the goat behind door 3 and you switch to door 2 and win the car. Similarly, if the car
is behind door 3, Monty reveals the goat behind door 2 and you switch to door 3 and
win the car. For always switch, we see that

P[C] = P[H»RsC) + P [H3R:C] = 2/3. (2.6)

If you do not switch, the tree is shown in Figure 2.1(b). In this tree, when the car
is behind door 1 (event H;) and Monty opens door 2 (event Rz}, you stay with door 1
and then Monty opens door 1 to reveal the car. On the other hand, if the car is behind
door 2, Monty will open door 3 to reveal the goat. Since your final choice was door 1,
Monty opens door 1 to reveal the goat. For do not switch,

P[C] = P[Hlec] + P[HlR;;C] = 1/3.

Thus switching is better; if you don't switch, you win the car only if you initially guessed
the location of the car correctly, an event that occurs with probability 1/3. If you switch,
you win the car when your initial guess was wrong, an event with probability 2/3.

Note that the two trees look largely the same because the key step where you make
a choice is somewhat hidden because it is implied by the first two branches followed in
the tree.

Quiz 2.1
In & cellular phone system, a mobile phone must be paged to receive a phone call.
However, paging attempts don’t always succeed because the mobile phone may not
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1/2 - Ry G 1/6 1/2 - Ra C 1/6

1/3 HlA%Ra oG 1/6 1/3 H14R3 oC 1/6
%Hg-———LRE ol 1/3 3 H,— 1 Rs;e@1/3
1/~ Hy —1— Ry oC 1/3 /3~ Hs —L— Ry oG 1/3

(a) Switch {b) Do Not Switch

Figure 2.1 Tree Diagrams for Monty Hall

receive the paging signal clearly. Consequently, the system will page a phone up to
three times before giving up. If the results of all paging attempts are independent
and a single paging attempt succeeds with probability 0.8, sketch a probability tree
for this experiment and find the probability P[F] that the phone receives the paging
signal clearly.

2.2 Counting Methods

In all applications of probability theory it is important to under-
stand the sample space of an experiment. The methods in this
section determine the number of ocutcomes in the sample space of
a sequential experiment

Understanding the sample space is a key step in formulating and solving a prob-
ability problem. To begin, it is often useful to know the number of outcomes in the
sample space. This number can be enormous as in the following simple example.

Example 2.4

Choose 7 cards at random from a deck of 52 different cards. Display the cards in the
order in which you choose them. How many different sequences of cards are possible?

The procedure consists of seven subexperiments. In each subexperiment, the obser-
vation is the identity of one card. The first subexperiment has 52 possible outcomes
corresponding to the 52 cards that could be drawn. For each outcome of the first subex-
periment, the second subexperiment has 51 possible outcomes corresponding to the 51
remaining cards. Therefore there are 52 x 51 outcomes of the first two subexperiments.
The total number of outcomes of the seven subexperiments is

52 x 51 % « - x 46 = 674,274,182,400 . 2.7
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Although many practical experiments are more complicated, the techn'lql%es for
determining the size of a sample space all follow from the fundamental principle of
counting in Theorem 2.1:

Theorem 2.1 Fundamenial Principle of Counting
An experiment consists of two subezperiments. If one subexperiment has k outcomes
and the other subezperiment has n outcomes, then the experiment has nk outcomes.

Example 2.5 _
There are two subexperiments. The first subexperiment is “Flip a c_om.and o}aserve
either heads H or tails 7." The second subexperiment is "Roll a SIX—SIFied dle“ar!d
observe the number of spots.” It has six outcomes, 1,2,...,6. The experiment, Flip
a coin and roll a die,” has 2 x 6 = 12 outcomes:

(Hi 1)? (H? 2)) (H1 3)7 (H? 4)1 (H’ 5)5 (Hl 6)’
(T,1), (1,2), (T.3), (T,4), (T.5), (T.6).

Generally, if an experi};nent E has k subexperiments F1, .., E where E; has n,
hen F has [],_, n; outcomes.

ou&?%i:;;ple 2.4, we glzj_sle an ordered sequence of seven objfac1?s ou_t of a set (?f 52
distinguishable objects. In general, an ordered sequence of k distinguishable o’b.]e(;tsf
is called a k-permutation. We will use the notation (n)x to denote the number o
possible k-permutations of r distinguishable objects. To find {n)g, suppose we have
n distinguishable objects, and the experiment is to choos'e a sequence of k of l;]‘hese
objects. There are n choices for the first object, n — 1 choices for the second object,
ete. Therefore, the total number of possibilities is

)k =nn-1)n~-2)---(n—k+1) {2.8)
Multiplying the right side by (n - k)!/(n — k)! yields our next theorem.

Theorem 2.2 ' ‘
The number of k-permutations of n distinguishable objects s

n!
(n)g -n(n—l)(n—2)---(n—k+1) - m

Sampling without Replacement

Sampling without replacement corresponds to a sequential experiment il} which the
sample space of each subexperiment depends on the outcomes of previous subex-
periments. Choosing objects randomly from a collection is called sampling, and

1
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the chosen objects are known as a semple. A k-permutation is a type of sample ob-
tained by specific rules for selecting objects from the collection. In particular, once
we choose an object for a k-permutation, we remove the object from the collection
and we cannot choose it again. Consequently, this procedure is called sampling
without replacernent.

Different outcomes in a k-permutation are distinguished by the order in which ob-
Jjects arrive in a sample. By contrast, in many practical problems, we are concerned
only with the identity of the objects in a sample, not their order. For example,
in many card games, only the set of cards received by a player is of interest. The
order in which they arrive is irrelevant.

Example 2.6
Suppose there are four objects, A, B, C, and D, and we define an experiment in
which the procedure is to choose two objects without replacement, arrange them in
alphabetical order, and observe the result. In this case, to observe AD we could choose
A first or D first or both A and D simultaneously. The possibie outcomes of the
experiment are AB, AC, AD, BC, BD, and CD.

In contrast to this example with six outcomes, the next example shows that the
E-permutation corresponding to an experiment in which the observation is the se-
quence of two letters has 41/2! = 12 outcomes.

Example 2.7
Suppose there are four objects, A, B, C, and D, and we define an experiment in which
the procedure is to choose two objects without replacement and observe the result.

The 12 possible outcomes of the experiment are AB, AC, AD, BA, BC, BD, CA,
CB, CD, DA, DB, and DC.

In Example 2.6, each outcome is a subset of the outcomes of a k-permutation. Each
subset is called a k-combination. We want to find the number of k-combinations.
We use the notation (}) to denote the number of k-combinations. The words for
this number are “n choose k,” the number of k-combinations of n objects. To find
(",:), we perform the following two subexperiments to assemble a k-permutation of

n distinguishable objects:
1. Choose a k-combination out of the n objects.
2. Choose a k-permutation of the % objects in the k-combination.

Theorem 2.2 tells us that the number of outcomes of the combined experiment
is (n)x. The first subexperiment has (7) possible outcomes, the number we have to
derive. By Theorem 2.2, the second experiment has (k); = k! possible outcomes.
Since there are (n); possible outcomes of the combined experiment,

(n)s = (:) g (29)

Rearranging the terms yields our next result.
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~Theorem 2.3 . ‘
The number of ways to choose k objects oul of n distinguishable objects is

(Z) - (Z)!k - Jc!(nni B

We encounter (Z) in other mathematical studies. Sometimes it is called a binomial
coefficient because it appears (as the coefficient of zFy™~¥) in the expansion of the
binomial (z +y)". In addition, we observe that

B-(

The logic behind this identity is that choosing k ont of n elements to be part of a
subset is equivalent to choosing n — k elements to be excluded from. the subset.

In most contexts, (2) is undefined except for integers n and & Wl‘l‘fh O.S k< n.
Here, we adopt the following definition that applies to all nonnegative Integers n
and all real numbers k:

Definition 2.1 n choose k
For an integer n > 0, we define

nl

_ ™ k=01,....n,
(:) Kl — k)! "

0 otherunse.

This definition captures the intuition that given, say, n = 33 objects, there are
zero ways of choosing k = —5 objects, zero ways of choosing k& = 87 objects, and
zero ways of choosing k = 87 objects. Although this extended definition may seem
unnecessary, and perhaps even silly, it will make many formulas in later chapters
more concise and easier for students to grasp.

~Example 2.8

e The number of combinations of seven cards chosen from a deck of 52 cards is

(52)A52x51><---x46

= 133,784,560, (2.11}
7 2x3x--xT

which is the number of 7-combinations of 52 objects. By contrast, we found
in Example 2.4 674,274,182,400 7-permutations of 52 objects. (The ratio is
7! = 5040).

e There are 11 players on a basketball team. The starting lineup consists of five
players. There are (151) = 462 possible starting lineups.

e There are (1625)) ~ 10%. ways of dividing 120 students enrolled in a probability

course into two sections with 60 students in each section.
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o A baseball team has 15 field players and ten pitchers. Each field player can
take any of the eight nonpitching positions. The starting lineup consists of one
pitcher and eight field players. Therefore, the number of possible starting lineups
is N = (110) (185) = 64,350. For each choice of starting lineup, the manager must
submit to the umpire a batting order for the 9 starters. The number of possible
batting orders is N x 9! = 23,351,328,000 since there are N ways to choose the 9
starters, and for each choice of 9 starters, there are 9! = 362,880 possible batting
orders.

Example 2.9

There are four queens in a deck of 52 cards. You are given seven cards at random from
the deck. What is the probability that you have no queens?

Consider an experiment in which the procedure is to select seven cards at random from
a set of 52 cards and the observation is to determine if there are one or more queens
in the selection. The sample space contains H = (572) possible combinations of seven
cards, each with probability 1/H. There are Hyg = (527_4) combinations with no
queens. The probability of receiving no queens is the ratic of the number of cutcomes
with no queens to the number of outcomes in the sample space. Hyg/H = 0.5504.
Another way of analyzing this experiment is to consider it as a sequence of seven
subexperiments. The first subexperiment consists of selecting a card at random and
observing whether it is a queen. If it is a queen, an outcome with probability 4/52
{because there are 52 outcomes in the sample space and four of them are in the event
{queen}), stop looking for queens. Otherwise, with probability 48/52, select another
card from the"remaining 51 cards and chserve whether it is a queen. This outcome of
this subexperiment has probability 4/51. If the second card is not a queen, an outcome
with probability 47/51, continue until you select a queen or you have seven cards with
no queen. Using €J; and &V; to indicate a “"Queen” or “No queen” on subexperiment 7,
the tree for this experiment is
@1

Q2 s Qs Qv

0y
e

&

Ny Nz Ny Ne

48/52 47751 16750 43746

The probability of the event Ny that no queen is received in your seven cards is the
product of the probabilities of the branches leading to Ny:

(48/52) x (47/51) - - x (42/46) = 0.5504. (2.12)

Sampling with Replacement

Consider selecting an object from a collection of objects, replacing the selected
object, and repeating the process several times, each time replacing the selected
object before making another selection. We refer to this situation as sampling with
replacement. Each selection is the procedure of a subexperiment. The subexperi-
ments are referred to as independent trials. In this section we consider the number
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of possible outcomes that result from samupling with repla,cement'. In the I:leXt Sfec}—l
tion we derive probability models for for experiments that specily sampling wit

replacement.

Example 2.10
There are four queens in a deck of 52 cards. You are given seven cards.at random from
the deck. After receiving each card you return it to the deck and receive another card
at random. Observe whether you have not received any queens among the seven cards
you were given. What is the probability that you have received no queens?

The sample space contains 527 outcomes. There are_487 outcomes with no queens. Th.e
ratio is (48/52}7 — (0.5T10, the probability of receiving no queens. If this experiment is
considered as a sequence of seven subexperiments, the tree looks tht::.same as the tree
in Example 2.9, except that all the horizontal branches have probability 48/52 and ali
the diagonal branches have probability 4/52.

The result of Example 2.10 generalizes naturally when we Want.to choose-wn:h
replacement a sample of n objects out of a collection of m dlst%ngulshabvle objects.
The experiment consists of a sequence of n identical subexperiments Wlih m out-
comes in the sample space of each subexperiment. Hence there are m”™ ways to
choose with replacement a sample of n objects.

Theorem 2.4 ‘
Given m distinguishable objects, there are m" ways to choose with replacement an
ordered sample of n objects.

Example 2.11
There are 210 = 1024 binary sequences of length 10.

Sampling with replacement corresponds to performing n repetitions of an identical
subexperiment. Using x; to denote the outcome of the ith subexperiment, the
result for n repetitions of the subexperiment is a sequence Ti,...,Tn.

Example 2.12 _
A chip fabrication facility produces MiCroprocessors. Each microprocessor IS Fested to
determine whether it runs reliably at an acceptable clock speed. A subexperiment to
test a microprocessor has sample space Seup = {0, 1} to indicate whether t.he_test wlz:s
a failure (0) or a success (1). For test i, we record.mi =0orax; =1to |nd|lcate t elzc
result. In testing four microprocessors, the observation seguence, Z1Z2&3T4, 15 ONE O
16 possible outcomes:

0000, 0001, 0010, 0011, 0100, 0101, 0110, 0111,}
Sh= {1000, 1001, 1010, 1011, 1100, 1101, 1110, 1111
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Note that we can think of the observation sequence xi,...,z, as the result of
sampling with replacement n times from a sample space Sg,. For seguences of
identical subexperiments, we can express Theorem 2.4 as

Theorem 2.5

For n repetitions of o subexperiment with sample space Seup = {80, .-, 8m—1}, the
sample space S of the sequential experiment has m™ outcomes.

‘Example 2.13

There are ten students in a probability class; each earns a grade s € S, = {4, B, C, F'}.
We use the notation z; to denote the grade of the ith student. For example, the grades
for the class could be

The sample space S of possible sequences contains 4'° = 1,048,576 outcomes.

In Example 2.13, repeating a subexperiment n times and recording the observation
consists of constructing a word with n letters. In general, n repetitions of the same
subexperiment consists of choosing symbols from the alphabet {sg,...,8m—1}. In
Example 2.12, m = 2 and we have a binary alphabet with symbols s; = 0 and
81 = 1.

A more challenging problem than finding the number of possible combinations
of m objects sampled with replacement from a set of n objects is to calculate the
number of observation sequences such that each object appears a specified number
of times. We start with the case in which each subexperiment is a trial with sample
space Sgup = {0,1} indicating failure or success.

Example 2.14
For five subexperiments with sample space Squp, = {0, 1}, what is the number of cbser-

The 10 five-letter words with 0 appearing twice and 1 appearing three times are:

{00111,01011,01101,01110, 10011, 10101, 10110, 11001, 11010, 11100} .

Example 2.14 determines the number of outcomes in the sample space of an
experiment with five subexperiments by listing all of the outcomes. Even in this
simple example it is not a simple matter to determine all of the outcomeg, and in
most practical applications of probability there are far more then ten outcomes in
the sample space of an experiment and listing them all is out of the question. On
the other hand, the counting methods covered in this chapter provide formulas for
quickly calculating the number of outcomes in a sample space.

In Example 2.14 each outcome corresponds to the position of three ones in a
five-letter binary word. That is, each outcome is completely specified by choosing
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three positions that contain 1. There are (g) — 10 ways to choose three positions
. . (i
in a word. More generally, for length n binary words with 1 1’s, we choose ( )

721
slots to hold a 1.

Theorem 2.6
The number of observation sequences for n subezperiments with sample ipace NE
{0,1} with O appearing ng times and 1 appearing nq — 1 — Ng Limes 45 (nl).

Theorem 2.6 can be generalized to subexperiments with m > 2 elements in
the sample space. For n trials of a subexperiment with sample space Seup =
{50,--»8m—1}, we want to find the number of outcomes in which sy appears no
times, §1 appears n times, and so on. Of course, there are no such outcomes unless
ng + - +nm_1 = n. The notation for the number of outcomes is

} )
Ty -1

Tt is referred to as the multinomial coefficient. To derive a formula for the multi-
nomial coefficient, we generalize the logic used in deriving the formula for the bi-
nomial coefficient. With n subexperiments, representing the observation sequence
by n slots, we first choose ng positions in the observation sequence to hold sg, then
nq1 positions to hold s;, and so on. The details can be found in the proof of the
following theorem:

Theorem 2.7
For n repetitions of a subezperiment with sample space S = {s0,- ,sm_l}, the
number of length n = ng + ++ + Nm—1 observation sequences with s; appearing n;

times is
k2 7!
0y s m—1 ﬂgl’n]_l."'nm_l!

Proof Let M - (nO;---:"m—l)- Start with n empty slots and perform the following sequence

of subexperiments:

Subexperiment Procedure
0 Label ng slots as so.
1 Label n, slots as s1.
m—1 Label the remaining nm—1 slots as sm—1.

There are (;D) ways to perform subexperiment 0. After ng slots have been labeled, there
are (*.™) ways to perform subexperiment 1. After subexperiment j — 1, ng + - -+ 7j-1
L3

slots have already been filled, leaving (“—(no-rr;.j ~+ﬂj—1)) ways to perform subexperiment 3.
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From the fundamental counting principle,

o ()(n_n)(un_) ( ._nm_z)
o T Tea Mo —1

B nl {n —no)! y (n—ma—- - — Nypz)!
(n—no)no! (n —mo —n)n! | (m—no— - — a1 Mm 1!’

(2.14)

Canceling the common factors, we obtain the formula of the theorem.

Note that a binomial coefficient is the special case of the multinomial coefficient for
an alphabet with m = 2 symbols. In particular, for n = ng + 1,

(o) =) 2 a1

Lastly, in the same way that we extended the definition of the binomial coefli-
cient, we will employ an extended definition for the multinomial coefficient.

‘Definition 2.2 Multinomial Coefficient
For an integer n > 0, we define

ni! N+t femoy =1

( 72 ) - nglngt- - np—q! ng € 40,1,.. ,n},i 0,1,...,m—1,
720, y em—~1

0 otherwise.

»

Example 2.15

In Example 2.13, the professor uses a curve in determining student grades. When there
are ten students in a probability class, the professor always issues two grades of A, three
grades of B, three grades of C and two grades of F. How many different ways can the
professor assign grades to the ten students?

In Example 2.13, we determine that with four possible grades there are 419 = 1,048,576
ways of assigning grades to ten students. However, now we are limited to choosing
ng = 2 students to receive an A4, ny = 3 students to receive a B, ny = 3 students to

receive a ' and n3 = 4 students to receive an F. The number of ways that fit the
curve is the multinomial coefficient

i _( 10 100 o900 2.16
ng, 11, N2, N3 2,3,3,2 21313191 T (2sl6)

Quiz 2.2 -

Consider a binary code with 4 bits (0 or 1) in each code word. An example of a
code word is 0110.

(a) How many different code words are there?
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(b) How many code words have exactly two zeroes?

(c) How many code words begin with a zero?

(dy Ina constant-ratio binary code, each code word has N bits. In every word, M
of the N bits are 1 and the other N — M bits are 0. How many different code
words are in the code with N =8 and M = 37

2.3 Independent Trials

Independent trials are identical subexperiments in a sequential ex-
pernnent. The probability models of all the subexperiments are
identical and mdependent of the outcomes of previous subexperi-
ments. Sampling with replacement is one category of experiments
with independent trials.

We now apply the counting methods of Section 2.2 to derive probability models
for experiments consisting of independent repetitions of a subexperiment. We start
with a simple subexperiment in which there are two outcomes: & sSuccess (1) occurs
with probability p; otherwise, a failure {0} oceurs with probability 1 — p. The
results of all trials of the subexperiment are mutually independent. An outcome
of the complete experiment is a sequence of successes and failures denoted by a
sequence of ones and zeroes. For example, 10101 ... is an alternating sequence of
successes and failures. Let B, denote the event ng failures and n1 successes in
n = ng + ny trials. To find P{Enp,n, |, we first consider an example.

Example 2.16
What is the probability P[Ez 3] of two failures and three successes in five independent

trials with success probability p.

To find P[Fy 3], we observe that the outcomes with three successes in five trials are
11100, 11010, 11003, 10110, 10101, 10011, 01110, 01101, 01011, and 00111. We
note that the probability of each outcome is a product of five probabilities, each related
to one subexperiment. In outcomes with three successes, three of the probabilities
are p and the other two are 1 —p. Therefore each outcome with three successes has

probability (1 — p)?p®.
From Theorem 2.6, we know that the number of such sequences is (g) To find
P[E> 3], we add up the probabilities associated with the 10 outcomes with 3 successes,

yielding
P B2z = (g) (1—p)%p% (2.17)

In general, for n = ng +n1 independent trials we observe that

e Each outcome with ng failures and n; successes has probability (1 — pyropt
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e There are (7::)) (7:‘1) outcomes that have ng failures and nq successes.
Therefore the probability of n, successes in n independent trials is the sum of (”)
terms, each with probability (1 — p)™ep™ = (1 — p)" ™1p™, .

Theorem 2.8
The probability of ng failures and ny successes inn = ng + n1 independent trials is

P Bl = (1)@ pr e = (1)@ prepe

T

The s'econd‘ formu‘la in this theorem is the result of multiplying the probability of
ng failures in n trials by the number of outcomes with ng failures.

Example 2.17
In Examnple 1.16, we found that a randomly tested resistor was acceptable with proba-

bility P[A] = 0.78. If we randomly test 100 resistors i ili
; } . what is the prob ;
event that 4 resistors test acceptable? probabilty of £, the

i iS.E.”.l.i.n.d.e. .......... RER LR AT PR T L PR PRERPRIRTRPS
pendent trial with a success occurring when a resi i
acceptable. Thus for 0 < ¢ < 100, : e

P[T;] = (12,’0) (0.78)*(1 — 0.78)100—¢ (2.18)

We no.te that our intuition says that since 78% of the resistors are acceptable, then
in testing .100‘re5|stors, the number acceptable should be near 78. However P[I'}g] 2
0.096, Wblhlch is fairly small. This shows that although we might expect the number
acceptable to be close to 78, that does not mean that th ili

} e b
el e probability of exactly 78

Now suppose we perform n independent repetitions of a subexperiment for which
there are m possible outcomes for any subexperiment. That is, the sample space
for each subexperiment is (sq,...,9m—1) and every event in one subexperiment is
independent. of the events in all the other subexperiments. Therefore, in ever
subexperiment the probabilities of corresponding events are the same al,ld we cai
use the notation P[sg] = pi for all of the subexperiments.

An outcome of the experiment consists of a sequence of n subexperiment out-
COmeEs. -In the probability tree of the experiment, each node has m branches and
brancl‘l i has probability p;. The probability of an outcome of the sequential experi-
ment is just the product of the n branch probabilities on a path from the root of the
tree to the leaf representing the outcome. For example, with n = 5, the outcome

5250538284 occurs with probability pap . We -
e e, 0P3P2P4 want to find the probability of

Eng,...;nm_1 = {80 occurs ng times, ..., 5m_1 0CCUIS Ny, times} (2.19)
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Note that the notation Ey,, . ., , implies that the experiment consists of a se-
quence of n =ng + -+ - + Ny trials.
To calculate P[Ey, . x.._,], we observe that the probability of the outcome

Spr--8y 8181 'Smfl".sm—l (220)
e e e’
n times n; times Thm—1 tIINES
is
Tl —
pgop?fl . .pm_11' (221)

Next, we observe that any other experimental outcome that is a reordering of the
preceding sequence has the same probability because on each path through the tree
to such an outcome there are n; occurrences of 5;. As a result,

P I:Enﬂ)'“:nm—l} = J\/Ip”f’lpgz tr .p::’“" (2'22)

where M, the number of such outcomes, is the multinomial coefficient (nﬂ,_'_f‘nm_l)

of Definition 2.2. Applying Theorem 2.7, we have the following theorem:

Theorem 2.9
A subezperiment has sample space Ssyps = {S0,--.,8m—1} with P[s;] = p;. For
n = ng+ - + Mpm_1 independent trials, the probability of n; occurences of s,
g =0,1,...,m—1, is

_ n 7t0 Tim—1
P [E”(hm;"'m—l] = (no T, l)po " Pm—1
1y -

Example 2.18
A packet processed by an Internet router carries either audio information with probability
7/10, video, with probability 2/10, or text with probability 1/10. Let £, , ; denote the
event that the router processes o audio packets, v video packets, and ¢ text packets in
a sequence of 100 packets. In this case,

()G G @ e

Keep in mind that by the extended definition of the multinomial coefficient, P[E, ,, ]
is nonzero only if a +v + ¢ = 100 and a, v, and t are nonnegative integers.

Quiz 2.3
Data packets containing 100 bits are transmitted over a communication link. A
transmitted bit is received in error (either a 0 sent is mistaken for a 1, or a 1 sent

24 MATLAB 47

Y =

Columns 1 through 12

A7 52 48 46 54 48 47 48 59 44 49 48
Columns 13 through 24

42 52 40 40 47 48 48 48 53 49 45 61
Columns 25 through 36

60 b9 49 47 49 45 48 51 48 53 B2 b3
Columns 37 through 48

56 54 60 53 52 51 58 47 50 48 44 49
Columns 49 through 60

B0 46 52 Y 51 51 57 50 49 56 44 b6

Figure 2.2 The simulation output of 60 repeated experiments of 100 coin flips.

is mistaken for a () with probability € = 0.01, independent of the correctness of
any other bit. The packet has been coded in such a way that if three or fewer bits
are received in error, then those bits can be corrected. If more than three bits are
received in error, then the packet is decoded with errors.

{a) Let Eyi00—x denote the event that a received packet has k bits in error and
100 — & correctly decoded bits. What is P[Ej 100—#) for ¥ =0,1,2,3?

(b) Let C denote the event that a packet is decoded correctly. What is P[C]?

2.4 MATLAB

Two or three lines of MATLAB code are sufficient to simulate an
arbitrary number of sequential trials.

We recall from Section 1.6 that rand(1,m) <p simulates m coin flips with P[heads]

p. Because MATLAB can simulate these coin flips much faster than we can actu-
ally flip coins, a few lines of MATLAB code can yield quick simulations of many
experiments.

Example 2.19
Using MATLAB, perform 60 experiments. In each experiment, flip a coin 100 times and
record the number of heads in a vector Y such that the jth element Y; is the number
of heads in subexperiment j.

>> ¥=rand(100,60)<0.5; | [The MATLAB code for this task appears on the left. The
>> Y=eum(X,1) 100 x 60 matrix X has 4, jth element X(i,;)=0 (tails)
or X(i,j)=1 {heads) to indicate the result of flip { of
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subexperiment j. Since Y sums X across thte first dimension, Y(j) ;'s th:e:at:lmki):rt;:
heads in the jth subexperiment. Each Y{(j) is bet'ween 0 apd 1‘00 an2 2ge ¥
neighborhood of 50. The output of a sample run is shown in Figure 2.2.

Example 2.20
In testing a microprocessor all four
dependent of any other MICroprocess
Your output should be a 4 x 1 vector

Processors.

grades, 1, 2, 3 and 4, have probability 0.25,' in-
or. Simulate the testing of 100 microproF:es_sors.
X such that X; is the number of grade 4 micro-

The first line generates a row vector G of random grad?s
for 100 microprocessors. The possible test scores are in
the vector T. Lastly, X=hist (G,T) returns a histogram
vector X such that X(j) counts the number of elements

Ychiptest.m
G=ceil(4*rand{1,100)};
T=1:4;

X¥=hist (G,T);

i 1 T3} . .
R will show the variety of ways that the hist function can be

Note that "help hist” . oy
=hist(G,T) does more than just count the number o
S (G,T) creates bins centered around

icular, hist
G that equal each element of T. In particular, . '
each T(qj) and counts the number of elements of G that fall into each bin.

Note that in MATLAB all variables are assumed to be matrices. in W]’.‘lt’;l(l;l‘%
MATLAB code, X may be an n x m matrix, an n X 1 colufnn vector,l 2 le ;
vector. or & 1 x 1 scalar. In MATLAB, we write X(i,j) t'o index the 1, jth e (;,lmené
By COI"ltI‘ﬂSt, in this text, we vary the notation depending on wh;thez V\;(il Tjth

i ddition, we use X, ; to denote the 1,
sealar X, or a vector or matrix X. In a .
element. ,Thus, X and X (in a MATLAB code fragment) may both refer to the same

variable.

QUiz 2.4 1 ) . -
The flip of a thick coin yields heads with probability 0.4,.taﬂs .wmh. probabllltyt0.5£
or lands on its edge with probabilisy 0.1. Simulate 100 thick coin flips. Your outpu
should be a 3 x 1 vector X such that X7, Xa, and X5 are the number of occurrences

of heads, tails, and edge.

Experts Only

Problems — y . Difficult

Difficulty: Easy Moderate
(b) What is the probability that the first

. . ce. O he
2.1+ Suppose you &P 007 LS b flip is heads and the gecond flip is tails?

any fip, the coin comes up heads with prob-
ability 1/4. Use H; and T; to denote the 512+ For Example 2.2, suppose PIG1] =
result of fip . 179, P[GalG1] = 8/4, and P[Cs|Ri] = 1/4.
Find P[Ga], P[G2|G1], and PG |Gal-

2.1.3 " At the end of regulation time, a bas-

ketball teamn is trailing by one point and a
player goes to the line for two free throws.

(a) What is the probability, P[H:|Ha), that
the first flip is heads given that the sec-
ond flip is heads?

If the player makes exactly one free throw,
the game goes into overtime. The proba-
bility that the first free throw is good is
1/2. However, if the first attempt is good,
the player relaxes and the second attempt is
good with probability 3/4. However, if the
player misses the first attempt, the added
pressure reduces the success probability to
1/4. What is the probability that the game
goes into overtime?

2.1.4 You have two biased coins. Coin A
comes up heads with probability 1/4. Coin
B comes up heads with probability 3/4.
However, you are nct sure which is which,
50 you choose a coin randomly and you flip
it. If the flip is heads, you guess that the
flipped coin is B; otherwise, you guess that
the flipped coin is A. What is the probabil-
ity P[C] that your guess is correct?

2.1.5 Suppose you have two coins, one bi-
ased, one fair, but you don’t know which
coin is which. Coin 1 is biased. Tt comes
up heads with probability 3/4, while coin 2
comes up heads with probability 1/2. Sup-
pose you pick a coin at random and flip it.
Let C; denote the event that coin 1 is picked.
Let I and T denote the possible outcomes
of the flip. Given that the outcome of the
flip is a head, what is P[C}|H], the probabil-
ity that you picked the biased coin? Given
that the outcome is a tail, what is the prob-
ability P[C1{T] that you picked the biased
coin?

2.1.6  Suppose that for the general popula-
tion, I in 5000 people carries the human im-
munodeficiency virus {HIV). A test for the
presence of HIV vields either a positive (+)
or negative (—) response. Suppose the test
gives the correct answer 99% of the time.
What is P[—|H], the conditional probabil-
ity that a person tests negative given that
the person does have the HIV virus? What
is P[H|+], the conditional probability that
arandomly chosen person has the HIV virus
given that the person tests positive?

2.1.7 A machine produces photo detectors
in pairs. Tests show that the first photo
detector is acceptable with probability 3/5.
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When the first photo detector is accept-
able, the second photo detector is accept-
able with probahility 4/5. If the first photo
detector is defective, the second photo de-
tector is acceptable with probability 2/5.

(a) Find the probability that exactly one
photo detector of a pair is acceptable.

{b) Find the probability that both photo
detectors in a pair are defective.

2.1.8  You have two biased coins. Coin A
comes up heads with probability 1/4. Coin
B comes up heads with probability 3/4.
However, you are not sure which is which
so you flip each coin onee, choosing the first
coin randomly. Use H; and T} to denote the
result of flip 4. Let A; be the event that coin
A was flipped first, Let By be the event that
coin B was flipped first. What is P[H, Ha]?
Are i, and H, independent? Explain your
ANSWeT.

2.1.9 A particular birth defect of the heart
is rare; a newborn infant will have the de-
fect D with probability P[D] = 107*. In
the general exam of a newborn, a particular
heart arrhythmia A occurs with probability
0.99 in infants with the defect. However,
the arrhythmia also appears with probabil-
ity 0.1 in infants without the defect. When
the arrhythmia is present, a lab test for the
defect is performed. The result of the lab
test is either positive {event 7t) or nega-
tive (event 7). In a newborn with the de-
fect, the lab test is positive with probabil-
ity p = 0.999 independent from test to test.
In a newborn without the defect, the lab
test is negative with probability p = 0.999.
If the arrhythmia is present and the test
is positive, then heart surgery (event H) is
performed.

(a) Given the arrythmia A4 is present, what
is the probability the infant has the de-
fect D7

{b) Given that an infant has the defect,
what is the probability P[H|D] that
heart surgery is performed?

{(c) Given that the infant does not have
the defect, what is the probability



