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Instantaneous Power DissipationInstantaneous Power Dissipation

If  is a wide sense stationary process then the average power is

 or 

The definition of the instantaneous power dissipation

.

If we make the resistance , and the variable being
measured (either voltage or current) , then the instantaneous
power is .
By extension, we refer to the random variable ) as the
instantaneous power of the process .
The Energy consumed up to time  is:

X(t)
RX(0) = E[X 2(t)] RX[0] = E[Xn]

P(t) = V (t)I(t) =
V 2(t)

R
= I 2(t)R

R = 1Ω
x(t)

P(t) = x2(t)
X 2(t

X(t)
t1

E(t1) =
t1

∫
−∞

P(t)dt =
t1

∫
−∞

x2(t)dt
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Parseval's TheoremsParseval's Theorems

Parseval's Theorem relates total energy in time and frequency
domains.

Where  represents the continuous Fourier transform.

Plancherel's Theorem is a more general formulation of this, using both
 and  which relates the total (cross) energy of a signal in

time and frequency domains.

11
22ππ

∞∞

∫∫
−−∞∞

||XX((ωω))||22 ddωω ==
∞∞

∫∫
−−∞∞

||XX((22ππff))||22 ddff ==
∞∞

∫∫
−−∞∞

||xx((tt))||22 ddtt

X(ω)

X(ω) Y (ω)
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Power Density SpectrumPower Density Spectrum
The autocorrelation function of stochastic process ( )
conveys information about the time structure of the process.

If  is stationary and  decreases rapidly with
increasing  , it is likely that a sample function of  will
change abruptly in a short time.
Conversely, if the decline in  with increasing  is
gradual, it is likely that a sample function of  will be
slowly time-varying.

Fourier transforms offer another view of the variability of
functions of time.

A rapidly varying function of time has a Fourier transform
with high magnitudes at high frequencies, and a slowly
varying function has a Fourier transform with low
magnitudes at high frequencies.

RX(τ)

X(t) RX(τ)
τ X(t)

RX(τ) τ
X(t)
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Power Density SpectrumPower Density Spectrum
In the study of stochastic processes, the power spectral density
function, , provides a frequency-domain representation of
the time structure of stochastic process .
To present the definition of  formally, we first establish our
notation for the Fourier transform as a function of the frequency
variable  Hz.

Fourier Transform Functions  and  are a Fourier transform
pair if

SX(f)
X(t)

SX(f)

f

g(t) G(f)

GG((ff)) ==
∞∞

∫∫
−−∞∞

gg((tt))ee−−jj22ππfftt ddtt ((FFTT)) gg((tt)) ==
∞∞

∫∫
−−∞∞

GG((ff))eejj22ππfftt ddff ((IIFFTT))
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Power Density SpectrumPower Density Spectrum
Recall that not all functions of time have Fourier transforms.
For many functions that extend over infinite time, the time
integral does not exist.
Sample functions  of a stationary stochastic process  are
usually of this nature.
To work with these functions in the frequency domain, we begin
with , a truncated version of .

It is identical to  for  and  elsewhere.
We use the notation  for the Fourier transform of
this function.

x(t) X(t)

xT (t) x(t)
x(t) −T ≤ t ≤ T 0

XT (f)

XXTT ((ff)) ==
TT

∫∫
−−TT

xx((tt))ee−−jj22ππfftt ddtt

7



, the squared magnitude of , appears in the
definition of .
If  is an electrical signal measured in volts or amperes,

 has units of energy.
Its time average,  , has units of power.

 is the limit as the time window goes to infinity of the
expected value of this function:

The power spectral density function ( ) of the wide sense
stationary stochastic process  is (using the Fourier Transform)

|XT (f)|2 XT (f)
SX(f)

x(t)
|XT (f)|2

|XT (f)|2/2T
SX(f)

SX(f)
X(t)

SSXX((ff)) == lliimm
TT→→∞∞
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11

22TT
EE [[

TT

∫∫
−−TT

xx((tt))ee−−jj22ππfftt,, ddtt

22

]]∣∣ ∣∣ 8



Power Density SpectrumPower Density Spectrum

We refer to  as a density function because it can be
interpreted as the amount of power in  in the infinitesimal
range of frequencies .

It therefore states, where in frequency most of the power is
located.

Physically,  has units of .
That means that the integral of  over all frequencies is
simply the average power of .

SSXX((ff)) == lliimm
TT→→∞∞

11

22TT
EE [[||XXTT ((ff))||22]] == lliimm

TT→→∞∞

11

22TT
EE [[

TT

∫∫
−−TT

xx((tt))ee−−jj22ππfftt,, ddtt

22

]]∣∣ ∣∣SX(f)
X(t)

[f, f + df]

SX(f) watts/Hz = Joules
SX(f)

X(t)
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Power Density SpectrumPower Density Spectrum
Both the autocorrelation function and the power spectral density
function convey information about the time structure of .
The Wiener-Khintchine theorem shows that they convey the
same information, which states:

If  is a wide sense stationary stochastic process,  and

 are the Fourier transform pair:

X(t)

X(t) RX(τ)
SX(f)

SSXX((ff)) ==
∞∞

∫∫
−−∞∞

RRXX((ττ))ee−−jj22ππffττddττ ,, RRXX((ττ)) ==
∞∞

∫∫
−−∞∞

SSXX((ff))eejj22ππffττddff
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Power Density SpectrumPower Density Spectrum
For a wide sense stationary random process , the power
spectral density  is a real-valued function with the
following properties:

1. 

2. 

3.     symmetrical

X(t)
SX(f)

SX(f) ≥ 0 for all f

PX =
∞

∫
−∞

SX(f) df = E[X 2(t)] = RX(0)

SX(−f) = SX(f)
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Slow change - energy in low frequency
Rapid change - energy in high frequency
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Note, both have average power is 
 has a narrower autocorrelation (less dependence between

two values of the process with a given time separation) and a
wider power spectral density (more power at higher frequencies)
than .
The sample function  fluctuates more rapidly with time than

.

A = RX(0) = 1 Watt
W(t)

V (t)
w(t)

v(t)
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Example 2Example 2

Consider the following stochastic process 
where  is uniformly distributed between  and .

Previously we derived .

Plot  and calculate the Average Power.

X(t) = cos(2πfct + Θ)
Θ 0 2π

RX(t, τ) = 1
2 cos(2πfcτ)

SX(f)
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Cross Spectral DensityCross Spectral Density

When two processes are jointly wide sense stationary, we can study
the cross-correlation in the frequency domain.

For jointly wide sense stationary stochastic processes  and ,
the Fourier transform of the cross-correlation yields the cross spectral

density

We encounter cross-correlations in experiments that involve noisy
observations of a wide sense stationary random process . e.g.

X(t) Y (t)

SSXXYY ((ff)) ==
∞∞

∫∫
−−∞∞

RRXXYY ((ττ))ee−−jj22ππffττ ddττ

X(t)
Y (t) = X(t) + N(t)
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