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Random Vectors: Expected Value Vector andRandom Vectors: Expected Value Vector and
Correlation Matrix, Gaussian Random VectorsCorrelation Matrix, Gaussian Random Vectors

Sections 8.4-8.5
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Recap: Vector NotationRecap: Vector Notation

A random vector is a column vector .
Each  is a random variable.

A sample value of a random vector is a column vector
 .

The  component, , of the vector  is a sample value of a

random variable, .

We use similar notation for a function  of 

random variables and a function  of  numbers.

X = [X1 … Xn]′

Xi

x = [x1 … xn]′

ith xi x

Xi

g(X) = g(X1, . . . ,Xn) n

g(x) = g(x1, . . . ,xn) n
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Recap: Vector NotationRecap: Vector Notation

The CDF of a random vector  is

The PMF of a discrete random vector  is

The PDF of a continuous random vector  is

X

FX(x) = FX1,...,Xn
(x1, . . . ,xn)

X

PX(x) = PX1,...,Xn
(x1, . . . ,xn)

X

fX(x) = fX1,...,Xn(x1, . . . ,xn)
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Expected Value Vector and CorrelationExpected Value Vector and Correlation
MatrixMatrix

The expected value of a random vector is a
vector containing the expected values of the

components of the vector.

The covariance of a random vector is a
symmetric matrix containing the variances of the

components of the random vector and the
covariances of all pairs of random variables in the

random vector.
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Expected Value VectorExpected Value Vector

The expected value of a random vector  is a column vector

In general, it can be said that expectation applies element-wise to
vectors and matrices.

X

EE[[XX]] == μμXX == [[EE[[XX11]] EE[[XX22]] …… EE[[XXnn]]]] ′′
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Expected Value VectorExpected Value Vector

In general, it can be said that expectation applies element-wise to
vectors and matrices.

If A =
⎡⎢⎣X11 ⋯ X1n

⋮ ⋱ ⋮
Xm1 ⋯ Xmn

⎤⎥⎦E[A] =
⎡⎢⎣E[X11] ⋯ E[X1n]

⋮ ⋱ ⋮
E[Xm1] ⋯ E[Xmn]
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Correlation MatrixCorrelation Matrix
The correlation and covariance are numbers that contain
important information about a pair of random variables.
Corresponding information about random vectors is reflected in
the set of correlations and the set of covariances of all pairs of
components.

These sets are referred to as second-order statistics
(showing relationship between variables). They have a
concise matrix notation.

To establish the notation, we first observe that for random
vectors  with  components and  with  components, the set
of all products,  , is contained in the  random matrix

If , the random matrix  contains all products, ,
of components of .

X n Y m
XiYj n×m

XY
′

Y = X XX
′ XiXj

X
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Correlation MatrixCorrelation Matrix

An example of a vector containing three random variables
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Vector CorrelationVector Correlation

The correlation of a random vector  is an  matrix  with

 element .

In vector notation is called autocorrelation,

For the example of the vector with three random variables:

X n×n RX

i, jth RX(i, j) = E[XiXj]

RRXX == EE[[XXXX
′′]]
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Vector CovarianceVector Covariance

The covariance of a random vector  is an  matrix  with
components .

In vector notation is called autocovariance,  

For the example of the vector with three random variables
(remember ):

X n×n CX

CX(i, j) = Cov[Xi,Xj]

CCXX == EE[[((XX −− μμXX))((XX −− μμXX)) ′′]]

Var[X] = σ2
X
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Vector CovarianceVector Covariance

For a random vector  with correlation matrix  , covariance matrix

 , and vector expected value ,

Some texts prefer to write:  for  and  for , and these
will always be square matrices.

X RX

CX μX

CCXX == RRXX −− μμXXμμ
′′
XX

CXX CX RXX RX
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Vector Cross-CorrelationVector Cross-Correlation

The cross-correlation of random vectors,  with  components and
 with  components, is an  matrix  with  element

.

In vector notation,  

X n

Y m n×m RXY i, jth

RXY (i, j) = E[XiYj]

RRXXYY == EE[[XXYY
′′]]
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Vector Cross-CovarianceVector Cross-Covariance

The cross-covariance of a pair of random vectors,  with 
components and  with  components, is an  matrix  with

 element .

In vector notation,  

X n

Y m n×m CXY

i, jth CXY (i, j) = E[XiYj]

CCXXYY == EE[[((XX −− μμXX))((YY −− μμYY)) ′′]]
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Linear Transform of a Random VectorLinear Transform of a Random Vector

Consider the following definitions (  and  are random variables,

and  and  are constants):

Now consider the linear transform:

Xi Yj

aij bi

X = Y = A = b =

⎡⎢⎣X1

X2

⋮
Xn

⎤⎥⎦ ⎡⎢⎣Y1

Y2

⋮
Ym

⎤⎥⎦ ⎡⎢⎣a11 a12 ⋯ a1n

a21 a22 ⋯ a2n

⋮ ⋮ ⋮
am1 am2 ⋯ amn

⎤⎥⎦ ⎡⎢⎣ b1

b2

⋮
bm

⎤⎥⎦YY == AAXX ++ bb
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Linear Transform of a Random VectorLinear Transform of a Random Vector

Mean

Autocorrelation

Autocovariance

μμYY == AAμμXX ++ bb

RRYY == AARRXXAA
′′ ++ ((AAμμXX))bb

′′ ++ bb((AAμμXX)) ′′ ++ bbbb
′′

CCYY == AACCXXAA
′′ aanndd CCXX == AA

−−11
CCYY((AA

−−11)) ′′
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Linear Transform of a Random VectorLinear Transform of a Random Vector

Cross-correlation

Cross-covariance

RRXXYY == RRXXAA ′′ ++ μμXXbb ′′

CCXXYY == CCXXAA
′′
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The calculations are not short and simple...
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Gaussian Random VectorsGaussian Random Vectors
Multiple Gaussian random variables appear in many practical
applications of probability theory.
The multivariate Gaussian distribution is a probability model for

 random variables with the property that the marginal PDFs are
all Gaussian.
A set of random variables described by the multivariate Gaussian
PDF is said to be jointly Gaussian.
A vector whose components are jointly Gaussian random
variables is said to be a Gaussian random vector.

n
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Gaussian Random VectorsGaussian Random Vectors

 is the Gaussian ( , ) random vector with expected value 
and covariance  if and only if

where , the determinant of  satisfies , which

means that no random variable  is a linear combination of the other
random variables in , i.e. each contributes uniquely.

 is the number of random variables in .

X μX CX μX

CX

ffXX((xx)) == 11
√√((22ππ))nn ddeett((CCXX))

eexxpp ((−− 11
22 ((xx −− μμXX)) ′′

CC
−−11
XX

((xx −− μμXX))))

det(CX) CX det(CX) > 0
Xi

X

n X
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Gaussian Random VectorsGaussian Random Vectors

 is the Gaussian ( , ) random vector with expected value 

and covariance  if and only if

If  then we simply have the definition of before,
the 1-dimensional Gaussian ( , ).
If , we have the Bivariate Gaussian PDF.

By setting  and  the formula can be
derived.

X μX CX μX

CX

ffXX((xx)) == 11
√√((22ππ))nn ddeett((CCXX))

eexxpp ((−− 11
22 ((xx −− μμXX)) ′′

CC
−−11
XX

((xx −− μμXX))))

n = 1
μ σ2

n = 2
X = [X Y ]′

x = [x y]′
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Gaussian Random VectorsGaussian Random Vectors

A Gaussian random vector  has independent components if and only

if  is a diagonal matrix.

(That is  for all , and

)

Remember that if  and  are independent, then 

X

CX

Cov[Xi,Xj] = 0 i ≠ j

CX = diag[σ2
1,σ2

2, … ,σ2
n]

X Y Cov[X,Y ] = 0
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Gaussian Random VectorsGaussian Random Vectors

Given an -dimensional Gaussian random vector  with expected

value  and covariance , and an  matrix  with
,

is an -dimensional Gaussian random vector with expected value
 and covariance .

n X

μX CX m×n A

rank(A) = m

Y = AX + b

m

μY = AμX + b CY = ACXA
′
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Gaussian Random VectorsGaussian Random Vectors

We don't cover the Standard Normal Random Vector
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