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Lecture 20

Conditional Probability Models: Conditioning by a
Random Variable

Sections /.4-7/.6



Recap: Conditioning a RV by an Event

This simplifies when considering whether x € B. For arandom
variable X and anevent B C Sx with P(B) > 0, the conditional
PMF/PDF of X given Bis:

Discrete:

PX(w)
Pxjp(z) = ¢ PB ° = |
0 otherwise

Continuous:

r e B

fxplx) =< FP(B)
XlB( ) 0 otherwise







Recap: Conditioning Two RVs by an Event

Given the event Bwith P(B) > 0,

Discrete:

Pxy(z,y) (:c,y) c B

Pxyip(z,y) = P(B)
’ ( 0 otherwise

Continuous:

fX,Y(way)
fX,YB(w,y)—{ ) (®YED

0 otherwise



Conditioning by a Random Variable

When an experiment produces a pair of random
variables X andY , observing a sample value of

one of them provides partial information about
the other.

To incorporate this information in the probability
model, we derive new probability models: the
conditional PMFs Pxy (|y) and Py x (y|x)

for discrete random variables, as well as the
conditional PDFs f x|y (2 |y) and fy|x (y|z) for

continuous random variables.



Conditioning by a Random Variable

In the previous lecture, we used the partial knowledge that the
outcome of an experiment (:13, y) &€ Binorder to derive a new

probability model for the experiment.

Now we turn our attention to the special case in which the partial
knowledge consists of the value of one of the random variables: either

B={X=z}lorB={Y =y}

Learning{Y = y} changes our knowledge of random variables X, Y’
.We now have complete knowledge of Y and modified knowledge of
X. From this information, we derive a modified probability model for

X.



Conditioning by a Random Variable
For any event Y = ysuch that Py (y) > 0, the conditional PMF of
XgivenY = yis
Pxjy(zly) = Pxjy(z]Y =y) = P(X = z|Y = y)
This is sometimes called point conditioning.

For discreterandom variables X and Y with joint PMF Px |y (z|y),
and « and y such that Px () > 0and Py (y) > 0,

P Z, P, Ly
Pxy(zly) = 2280 Pyiy(yle) = 2oy




Conditioning by a Random Variable

For continuous random variables, we don't define the PDF directly,
since P(Y = y) = 0.Therefore, we we define it as the ratio of the

joint PDF and the marginal PDF

For continuous random variables X and Y with joint PDF fX|Y(:13]y),
and & and ysuch that fx(x) > 0and fy(y) > 0, respectively,

fxy(, fxy(z,
fxivlaly) = ZEGE, frix(yle) = BEG




Conditioning by a Random Variable

For discreterandom variables X and Y with joint PMF Px,y(a:, Y),
and « and y such that Px(x) > 0and Py (y) > 0,

Pxy(z,y) = Py|x(y|z)Px(z) = Pxjy(z|y)Py(y)

For continuous random variables X and Y with joint PDF fx y (x,y),
and z and y such that fx(x) > 0and fy(y) > 0,

fX,Y(xvy) — fY|X(y\fI3)fX(€E) = fX|Y(w’y)fY(y)



Conditioning by a Random Variable

Recall that if random variables X and Y are independent then

e Pxy(z,y) = Px(z)Py(y) (discrete)
+ Frr(@,5) = Fx(@) fr(y) ontinuous

Therefore,if X and Y are independent then:

Discrete PX|Y($‘?J) = Px(z) PY|X(?J|$) = Py(y)
Continuous fX|Y(33’y) = fx(x) fY|X(y’fB) = fr(y)

Therefore, gaining knowledge about Y does not affect the probability
model of X.



Example 7.12

t Pxy(z,y) ot
0l @16 Random variables X and Y have the joint PMF
o ok o Px y(z,y), as given in Example 7.9 and repeated in the
o accompanying graph. Find the conditional PMF of Y
o1 o8 @12 @i6 given X = z for each ¢ € Sx.
» I

Find only Py|X(y\3)



Example 7.13

Returning to Example 5.8, random variables X and Y have joint PDF

Y
1 _A f;(Y(x’y):z

\,X

1

fX,Y(iBay)

)2 0<y<z<1,
0 otherwise.

(7.34)

For 0 < z < 1, find the conditional PDF fy|X(y|ac). For 0 < y < 1, find the conditional

PDF fxy(z|y).




Example 7.14
Let R be the uniform (0,1) random variable. Given R = r, X is the uniform (0,r)
random variable. Find the conditional PDF of R given X.




Conditional Expected Value Given a RV

Foranyy = Sy, the conditional expected value of W = ¢(X,Y)

givenY = yis:
Discrete
EW|Y =y =E[g(X,Y)]Y =y| = Eg g9(z, y) Pxy (z|y)
rcox
Continuous

0

EW|Y =y =E[g(X, V)Y =y] = [ g(z,y)fxyy(z|y) dz

— OO



Conditional Expected Value Given a RV

A special case of the previous slide when g(x, y) = «, then W = X

Discrete

EX|Y =yl = ) zPxy(z|y)

reSx

Continuous

O

BX|Y =yl = [ zfxy(zly)de

— 00



Conditional Expected Value Given a RV

Note that typically E[ X|Y = y| is a function of y
and E|Y'| X = x| is a function of z.

However, if X and Y are independent, then no additional information
Is provided, and therefore:

e E[X|Y = y|] = E[X]|forally = Sy
e ElY|X = z] = E|[Y]|forallz = Sx



Example 7.12

1
PX,Y(:E:y) ® 16
1 1
@12 @16
1 1 1
e3 ®1l2 @16
1 1 1 1
oL @8 @12 @16
. > £
1 2 3 4

Random variables X and Y have the joint PMF
Px y(z,y), as given in Example 7.9 and repeated in the
accompanying graph. Find the conditional PMF of Y
given X = z for each z € Sx.

For Example 7.12 find E|Y | X = 3|




Example 7.16

For random variables X and Y in Example 5.8, we found in Example 7.13 that the
conditional PDF of X given Y is

Ixy(@,y) _ {1/(1—9) Osy<z=<l, (7.49)

fxy (zly) = fy (y) 0 otherwise.

Find the conditional expected values E[X|Y = y] and E[X|Y].




Conditional Expected Value Given a RV

Since, for example E[X|Y = y] s a function of y, we can also write
E[X\Y] to denote it is a function of random variable Y. But since a

function of arandom variable is another random variable, that means
that E[X\Y] is also arandom variable.

We can therefore also calculate E|E| X | Y]], by first calculating
g9(y) = E|X|Y = y|]andthenE[g(Y)].

Thisis called iterated expectation and:

E[EX|Y]] = E|X]

In general:

E[E[g(X)|Y]] = E[g(X)]



Bivariate Gaussian Random Variables:
Conditional PDFs

For bivariate Gaussian random variables X and
Y the conditional PDFs f X|y(a3 1Y) and

f Y| X(y\a:) are Gaussian.

Var| X|Y| < Var|X| and
Var|Y|X| < VarlY]|.



Bivariate Gaussian Random Variables

Random variables X and Y have a bivariate Gaussian PDF with
parameters ux, uy,ox > 0,0y > 0, and PXx.y,satisfying
-1 <pxy <1fif

eXp - 1 2 ((%) 2 B 2pry(£lZ0—-,LL0).()(y—/_LY) B ( y;/-LY ) 2)
2(1_pX,Y) X X0y v

27 axay\/l — p_%(,y

fX,Y($7y) —




o X

nh R Y oo
R
gl

o X

o =




Bivariate Gaussian Random Variables:

Conditional PDFs
Recall from before, that the bivariate Gaussian can be expressed as:
1 B (w—u2x)2 1 B (y—ﬂy2($))2
- 20 20
fX,Y(way) — GX\/%G X Gy/2n Y
where

~

fiy(z) = py + pxy o (T —px). Oy = OY\/I — Pxy



Bivariate Gaussian Random Variables:
Conditional PDFs

_(eopx)? (y— iy (x))2

92052 1 952

L 1
fx,y(a:,y) — JX\/%G X 5Y\/ﬂe Y

Since fx,y(z,y) = fx(x)fy|x(y|z) and the first half is simply the
marginal PDF fX(m) It thus means that the second half is the
conditional PDF fyx(y|z).



Bivariate Gaussian Random Variables:
Conditional PDFs

if X and Y are the bivariate Gaussian random variables, the
conditional PDF of Y given X is

(y—fy(z))?

1 252

frix(ylz) = Go/2m C v

Given X = x, the conditional expected value and variance of Y are:

_ oy
EY|X =z| = fiy(z) = py + PX,YE(w — Iix)

\/Var[Y\X =x| =0y = ay\/l — p?)(,y

The inverse is also true for fX‘y(:c|y)...



Bivariate Gaussian Random Variables:
Conditional PDFs

Figure 7.1 Cross-sectional view of the joint Gaussian PDF with ux = uy =0, o0x = oy =
I, and px,y = 0.9. Theorem 7.15 confirms that the bell shape of the cross section occurs
because the conditional PDF fy | x(y|x) is Gaussian.

X = x (with fx (@) also a constant) on each cross section, showing
that the conditional probability model of Y is also Gaussian.



Bivariate Gaussian Random Variables:
Conditional PDFs

For any pair of random variables (that are not identical), |px,y| < 1.
Therefore,

VarlY|X = o] = 03(1 - p% ) < 0%

Var[X|Y = y| = 0%(1 — pky) < 0%
This means that for px y # 0, learning the value of one of the random

variables leads to a model of the other random variable with reduced
variance.

Thus, learning the value of, for example, Y reduces our uncertainty
regarding X.






