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Conditional Probability ModelsConditional Probability Models

In many applications of probability, we have a probability model of an
experiment but it is impossible to observe the outcome of the

experiment directly. Instead we observe an event that is related to the
outcome.

It could also be that we obtain information about a random variable
before it is possible to observe the random variable itself.

In these situations, we obtain a conditional probability model by
modifying the original probability model to take into account the

information gained from the event we have observed.
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RecapRecap

Conditional ProbabilityConditional Probability

The conditional probability of the event  given the occurrence of the
event  is

A
B

PP ((AA||BB)) ==
PP ((AA ∩∩ BB))

PP ((BB))
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Conditioning a Random Variable by an EventConditioning a Random Variable by an Event

The conditional PMF  and conditional

PDF  are probability models that use the

definition of conditional probability, to
incorporate partial knowledge of the outcome of
an experiment. The partial knowledge is that the

outcome is  .

PX|B(x)
fX|B(x)

X ∈ B ⊂ SX
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Conditioning a Random Variable by an EventConditioning a Random Variable by an Event

Now, instead asking about some event  given some other event

 or , we now ask a question related to random variable
 given some event . Therefore, we now write  in terms of 

, for example .

If  is discrete, then typically  form some value

.

If  is continuous, then typically  or

A
B P(A|B)
X B A X

P(X ≤ x|B)

X A = {X = x}
x

X A = {x1 < X ≤ x2}
A = {x < X ≤ x + dx}
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Conditioning a Random Variable by an EventConditioning a Random Variable by an Event

Given the event  with , the conditional cumulative
distribution function (CDF) of  is

This applies to discrete, continuous, and mixed random variables.

B P(B) > 0
X

FFXX||BB((xx)) == PP ((XX ≤≤ xx||BB)) ==
PP ((XX≤≤xx∩∩BB))

PP ((BB))
==

PP ((BB||XX≤≤xx))⋅⋅FFXX((xx))

PP ((BB))
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Conditioning a Random Variable by an EventConditioning a Random Variable by an Event

Given the event  with , the conditional probability mass
function (PMF) of discrete random variable  is

Given the event  with , the conditional probability
density function (PDF) of continuous random variable  is

B P(B) > 0
X

PPXX||BB((xx)) == PP ((XX == xx||BB))

B P(B) > 0
X

ffXX||BB((xx)) ==
ddFFXX||BB((xx))

ddxx
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Conditioning a Random Variable by an EventConditioning a Random Variable by an Event

This simplifies when considering whether . For a random

variable  and an event  with , the conditional
PMF/PDF of  given  is:

Discrete:

Continuous:

x ∈ B
X B ⊂ SX P(B) > 0

X B

PPXX||BB((xx)) == {
{

PPXX((xx))

PP ((BB))
xx ∈∈ BB

00 ootthheerrwwiissee

ffXX||BB((xx)) == {
{

ffXX((xx))

PP ((BB))
xx ∈∈ BB

00 ootthheerrwwiissee
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Conditioning a Random Variable by an EventConditioning a Random Variable by an Event

When , we sometimes just write it directly in terms of .

For example, if , then we can write 

B ⊂ SX X

B = X ≥ 5 PX|X≥5(x)
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Conditioning a Random Variable by an EventConditioning a Random Variable by an Event

For random variable  resulting from an experiment with partition

Discrete

Continuous

X
B1, … ,Bm

PPXX((xx)) == ∑∑

ii==11
PPXX||BBii

((xx))PP ((BBii))

ffXX((xx)) == ∑∑

ii==11
ffXX||BBii

((xx))PP ((BBii))
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Conditioning a Random Variable by an EventConditioning a Random Variable by an Event

The Axioms of Probability hold for Conditional Probability as well

Discrete Continuous 

For any , For any , 

The conditional probability that 
is in the set  is:

The conditional probability that 
is in the set  is:

X X

x ∈ B PX|B(x) ≥ 0 x ∈ B fX|B(x) ≥ 0

∑x∈B PX|B(x) = 1
∫B fX|B(x) dx = 1

X
C

P(C|B) = ∑

x∈C

PX|B(x)

X
C

P(C|B) = ∫

C

fX|B(x) dx
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Conditional Expected Value Given an EventConditional Expected Value Given an Event

The definitions of conditional expected value
 and conditional variance 

correspond to the definitions of  and
 with  replacing  or

 replacing .

E[X|B] Var[X|B]
E[X]

Var[X] PX|B(x) PX(x)
fX|B(x) fX(x)
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Conditional Expected Value Given an EventConditional Expected Value Given an Event

The conditional expected value of random variable  given condition

 is:

Discrete

Continuous

X
B

EE[[XX||BB]] == μμXX||BB == ∑∑

xx∈∈BB
xxPPXX||BB((xx))

EE[[XX||BB]] == μμXX||BB ==
∞∞

∫∫

−−∞∞
xxffXX||BB((xx)) ddxx
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Conditional Expected Value Given an EventConditional Expected Value Given an Event

For a random variable  resulting from an experiment with partition
 ,

X
B1, … ,Bm

EE[[XX]] ==
mm

∑∑

ii==11
EE[[XX||BBii]]PP ((BBii))
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Conditional Expected Value Given an EventConditional Expected Value Given an Event

The conditional expected value of  given condition  is:

Discrete

Continuous

Y = g(X) B

EE[[YY ||BB]] == EE[[gg((XX))||BB]] == ∑∑

xx∈∈BB
gg((xx))PPXX||BB((xx))

EE[[YY ||BB]] == EE[[gg((XX))||BB]] ==
∞∞

∫∫

−−∞∞
gg((xx))ffXX||BB((xx)) ddxx
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Conditional Expected Value Given an EventConditional Expected Value Given an Event

The conditional variance of  given event  is

The conditional standard deviation is .

X B

VVaarr[[XX||BB]] == EE [[((XX −− μμXX||BB))22||BB]] == EE[[XX 22||BB]] −− μμ22
XX||BB

σX|B = √Var[X|B]
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Conditional Expected Value Given an EventConditional Expected Value Given an Event

The conditional variance of  given event  is

The conditional standard deviation is .

If, for example,  is smaller than  then we can say that learning

the occurrence of  reduces our uncertainty about  because it
shrinks the range of typical values of 

X B

VVaarr[[XX||BB]] == EE [[((XX −− μμXX||BB))22||BB]] == EE[[XX 22||BB]] −− μμ22
XX||BB

σX|B = √Var[X|B]

σX|B σX

B X
X
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Note that σX = 2.256 min
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Conditioning Two RVs by an EventConditioning Two RVs by an Event

An experiment produces two random variables,  and  . We learn
that the outcome  is an element of an event, . We use the

information  to construct a new probability model.

This new model is called the conditional joint PMF/PDF,

X Y
(x, y) B

(x, y) ∈ B
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Conditioning Two RVs by an EventConditioning Two RVs by an Event

Given the event  with , the conditional joint PMF of

discrete random variables  and  is

For any event B, a region of the ,  plane with ,

B P(B) > 0
X Y

PPXX,,YY ||BB((xx,, yy)) == PP ((XX == xx,, YY == yy||BB))

X Y P(B) > 0

PPXX,,YY ||BB((xx,, yy)) == {
{

PPXX,,YY ((xx,,yy))

PP ((BB))
((xx,, yy)) ∈∈ BB

00 ootthheerrwwiissee
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Conditioning Two RVs by an EventConditioning Two RVs by an Event

Given the event  with , the conditional joint PDF of

continuous random variables  and  is

For any event B, a region of the -  plane with ,

B P(B) > 0
X Y

ffXX,,YY ||BB((xx,, yy)) ==
∂∂ 22FFXX,,YY ||BB((xx,,yy))

∂∂xx∂∂yy

x y P(B) > 0

ffXX,,YY ||BB((xx,, yy)) == {
{

ffXX,,YY ((xx,,yy))

PP ((BB))
((xx,, yy)) ∈∈ BB

00 ootthheerrwwiissee
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Conditioning Two RVs by an EventConditioning Two RVs by an Event

For random variables  and  and an event  of nonzero probability,
the conditional expected value of  given  is

Discrete

Continuous

X Y B
W = g(X,Y ) B

EE[[WW ||BB]] == ∑∑

xx∈∈SSXX

∑∑

yy∈∈SSYY

gg((xx,, yy))PPXX,,YY ||BB((xx,, yy))

EE[[WW ||BB]] ==
∞∞

∫∫

−−∞∞

∞∞

∫∫

−−∞∞
gg((xx,, yy))ffXX,,YY ||BB((xx,, yy)) ddxx ddyy
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ExampleExample

Continuing Example 7.10, find the conditional expected value and the
conditional variance of  given the eventW = XY

B = {X + Y ≥ 4}
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