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Lecture 17

Bivariate Gaussian Random Variables &
Multivariate Probability Models

Sections 5.9-5.10



Recap

Gaussian Distribution

X is aGaussian (u, o) random variable if the PDF of X is
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Where p can be any real number and o > 0

Notethatu = upx ando = ox.



Bivariate Gaussian Random Variables

The bivariate Gaussian PDF of X andY
(fx v (x,y)) has five parameters:

the expected values and standard deviations of X
andY and the correlation coefficient of X andY

(LX, by, 0X,0Y, PX.Y)

The marginal PDF of X and the marginal PDF of
Y are both Gaussian.



Bivariate Gaussian Random Variables

Random variables X and Y have a bivariate Gaussian PDF with
parameters ux, py,ox > 0,0y > 0,and px y, satisfying
-1 <pxy <1if
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Bivariate Gaussian Random Variables

To examine mathematically the properties of the bivariate Gaussian
PDF, we define

~

py(z) = py + ,OX,Y%(CL’ — px)

~ y
oy — O'Y\/l — Pxy

This makes the joint Gaussian PDF:
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Bivariate Gaussian Random Variables
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This expresses fx.y(z,y) as the product of two Gaussian PDFs.

From this we can derive the marginals:
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Demo



https://chatgpt.com/canvas/shared/68a2e030a92081918800d18fa2c46863

Python Example



Bivariate Gaussian Random Variables

Bivariate Gaussian random variables X and Y have correlation
coefficient px y.

fpxy =0 (meaningthat X and Y are uncorrelated)

Then fxy(x,y) = fx(z)fy(y) which means that they are then also
independent.

Or stated differently, bivariate Gaussian random variables X and Y are
uncorrelatedif and only if they are independent.



Bivariate Gaussian Random Variables

If X and Y are bivariate Gaussian random variables and W1 and Wy
are given by the linearly independent equations

W1 — alX + blY, W2 — CLQX + bQY,

then W1 and Wy are bivariate Gaussian random variables such that
(fortz =1, 2)

EW,| = a;ux + bipy
Var|W;| = a?cr%( + b?a%; + 2a;b;pxyoxoy

Cov[W1, W3] = a1as0% + bibaoy + (a1bs + asbi)pxyoxoy



Example 5.19
For the noisy observation in Example 5.14, find the PDF of Y = X + Z.




Example 5.20
Continuing Example 5.19, find the joint PDF of X and Y when ox =4 and oz = 3.




Multivariate Probability Models

The probability model of an experiment that producesn random variables can
be represented as ann-dimensional CDF.

/f all of the random variables are discrete, there is a corresponding
n-dimensional PMF.

If all of the random variables are continuous, there is ann-dimensional PDF.
The PDF is thenth partial derivative of the CDF with respect to allm variables.

The probability model (CDF, PMF, or PDF) ofn independent random variables is
the product of the univariate probability models of them random variables.



Multivariate Probability Models

Definition 5.11 Multivariate Joint CDF
The joint CDF of X+,...,X,, is

Py x 21 2, ) - PiX = 7 X -]

Definition 5.12 Multivariate Joint PMF
The joint PMF of the discrete random variables X4,...,X,, s

Py v ai o) - PIX, -0 X,

Definition 5.13 Multivariate Joint PDF
The joint PDF of the continuous random variables X1,..., X, ts the function
o"F g
le,___,Xn(.’L'lj.,,’mn) - Xl:-..,X'n,( 1 ).

O0xy---0x,




Multivariate Probability Models

Theorem 5.22
If X1,...,X, are discrete random variables with joint PMF Px, .. x (%1,...,%n),

c:. . 0

(b) Z Z PXl, X :Ul, i n)zl.

x1€Sx, Tn€Sx,

Theorem 5.23
X X havejoml BEDE .. = (3, . T |

(a) le?"':Xn(w:L’"')mn) Z 07
L1 Tn
(b) FXl,...,Xn(ail,...,:l:n) — / / le,...,Xn(ula"'aun) dul...dun’

(c) / / fe &z )dy dz, |




Multivariate Probability Models

For some event A, described in terms of a property of X1, ..., X,.

For example A := max; X; < 100 or
A= X1+Xo0+...+X,| <1

Theorem 5.24

The probability of an event A expressed in terms of the random variables X1,..., X,
18
Discrete: P [A] = Z Igd e Gal L
(331 )))) -’I;n)EA

Continuous: P [A] = /"'/fxl _____ x (v, . ) dicdo dr




To calculate marginals

Theorem 5.25

For a joint PMF Py x vy z(w,x,y, 2) of discrete random variables W, X,Y, Z, some
marginal PMFs are

Pxy,z(x,y,2) = Z Py xv,z(w,2,y,2),

’UJESW

PW,Z(’LU,Z) = Z Z PW,X,Y,Z(waxayvz)v

zeESx YyeSY

Theorem 5.26

For a joint PDF fw x v z(w,z,y,2) of continuous random wvariables W, X,Y, Z,
some marginal PDFs are

fwxy(w,z,y) / fwxy.zw,z,y,z2) dz,

/ / / fwxyzw,z,y,z) dwdydz.




Example 5.22
As in Quiz 5.10, the random variables Y7, ..., Y, have the joint PDF

4 0<y1 <y2<1,0<ys <ys <1,

H.75
0 otherwise. ( )

friovayi, .., y4) = {

Find the marginal PDFs fv, v,(¥1,Y4), fvs,vs(Y2,y3), and fy,(ys3).

Only caleulate fy, v, (y1,y4) and fy, (y1)




Example 5.23
The random variables X1, ..., X,, have the joint PDF

1 0<z;<1,2=1,...,n,
0 otherwise.

fxi o ox, (@1, xp) = {

Let A denote the event that max; X; < 1/2. Find P[A].

(5.83)




Multivariate Probability Models

Definition 5.14 N Independent Random Variables
Random variables X1, ..., X, are independent if for all x+,...,x,,
Diserete. . B ¢ (0 0. — By (0 ) By (7o) By (1)

Continuous: fx, . x,(T1,...,Zn) = fx,(21) fx,(x2) - fx,, (2n).




Multivariate Probability Models

Suppose we have an experiment consisting of n independent

subexperiments, in which subexperiment ¢ produces random variable
X;.

I all subexperiments follow the same procedure, then all X; will have
the same PMF or PDF.

We say the random variables X; are identically distributed.

Definition 5.15 Independent and lIdentically Distributed (iid)
X1,...,X, are independent and identically distributed (iid) if

Discrete:  Px, .. x,(Z1,...,%Zn) = Px(z1) Px(z2)--- Px(2n);

Contimuous: fx. ¢ (X1 0] oy I fxlto) felza)




