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Independent Random VariablesIndependent Random Variables

This is derived from 

Random variables  and  are independent if
and only if  for all

real  and .

For discrete random variables this is equivalent to
.

When the relevant densities exist, it is equivalent
to .

X Y

FX,Y (x, y) = FX(x)FY (y)

x y

PX,Y (x, y) = PX(x)PY (y)

fX,Y (x, y) = fX(x)fY (y)

P(A ∩ B) = P(A)P(B)
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ExamplesExamples
For Continuous random variables. Independent if:

fX,Y (x, y) = fX(x)fY (y)
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Expected Value of a Function of TwoExpected Value of a Function of Two
Random VariablesRandom Variables

There are many situations where we observe two random variables and
use their values to compute a new random variable.

 is referred to as a derived random variable. The probability model

for  is embodied by  or  which we will discuss later.

However, if we want to calculate  we can actually do so directly

from the joint probability models  or  without the

need to derive  or .

W = g(X, Y )

W

W PW (w) fW (w)

E[W ]
PX,Y (x, y) fX,Y (x, y)
PW (w) fW (w)
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Expected Value of a Function of Two RVsExpected Value of a Function of Two RVs

For random variables  and , the expected value of  is

Discrete

Continuous

X Y W = g(X, Y )

EE[[WW ]] == ∑∑
xx∈∈SSXX

∑∑
yy∈∈SSYY

gg((xx,, yy))PPXX,,YY ((xx,, yy))

EE[[WW ]] ==
∞∞

∫∫
−−∞∞

∞∞

∫∫
−−∞∞

gg((xx,, yy))ffXX,,YY ((xx,, yy)) ddxx ddyy
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Expected Value of a Function of Two RVsExpected Value of a Function of Two RVs

From the previous slide we can also easily calculate the expected value
of a linear combination of several functions.

ExampleExample

E[a1g1(X, Y ) + … + angn(X, Y )] =

a1E[g1(X, Y )] + … + anE[gn(X, Y )]
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Expected Value of the sum of two RVsExpected Value of the sum of two RVs
The expected value and the variance of the sum of two random
variables are as follows:

For the expected value, we only need the marginal probability
models, and not the complete joint probability models.

For the variance we do need the joint probability models.
The last term is so common it has its own name, the covariance.

EE[[XX ++ YY ]] == EE[[XX]] ++ EE[[YY ]]

VVaarr[[XX ++ YY ]] == VVaarr[[XX]] ++ VVaarr[[YY ]] ++ 22EE[[((XX −− μμXX))((YY −− μμYY ))]]
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Covariance, Correlation and IndependenceCovariance, Correlation and Independence

In previous years, different notation was used:

    and    

The covariance  and correlation 
require the relevant moments to exist; the

correlation coefficient  additionally requires
positive variances. Under these conditions,

independent random variables satisfy
.

Cov[X, Y ] rX,Y

ρX,Y

Cov[X, Y ] = ρX,Y = 0

CXY = Cov[X, Y ] RXY = rX,Y
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CovarianceCovariance

The covariance of two random variables  and  is

Like  is a single number that describes the spread of samples

around the expected value ,

 is a single number that describes how the pair of random
variables  and  vary together.

X Y

CCoovv[[XX,, YY ]] == EE[[((XX −− μμXX))((YY −− μμYY ))]]

Var[X]
E[X]

Cov[X, Y ]
X Y
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CovarianceCovariance

The covariance of two random variables  and  is

Like  is a single number that describes the spread of samples
around the expected value ,

 is a single number that describes how the pair of random
variables  and  vary together.

Note that sometimes the notation  is used for covariance.

X Y

CCoovv[[XX,, YY ]] == EE[[((XX −− μμXX))((YY −− μμYY ))]]

Var[X]
E[X]

Cov[X, Y ]
X Y

σXY
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If 
Then the typical values of  are positive.
Typically  and  have the same sign.

i.e.  and     or     and

We expect that  and  will go up or down together.
If 

Typically  and  have opposite signs.
We expect that if  goes up then  will go down (vice
versa).

If 
The sign of  does not provide much information
about the sign of .

Cov[X, Y ] = E[(X − μX)(Y − μY )]

Cov[X, Y ] > 0
(X − μX)(Y − μY )

(X − μX) (Y − μY )
X < μX Y < μY X > μX

Y > μY

X Y
Cov[X, Y ] < 0

(X − μX) (Y − μY )
X Y

Cov[X, Y ] ≈ 0
(X − μX)

(Y − μY )
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CovarianceCovariance

For more click .

Cov[X, Y ] = E[(X − μX)(Y − μY )]

here
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ExamplesExamples

Suppose we perform an experiment in which we measure  and  in

centimetres (for example, the heights of two sisters). Now we measure

 and , which are the same measurements in metres.

How does the covariance compare?

X Y

X̂ Ŷ
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Correlation CoefficientCorrelation Coefficient

The correlation coefficient of two random variables  and  is

This is a parameter that indicates the relationship of two random
variables regardless of the measurement units (since it is normalised).

X Y

ρρXX,,YY ==
CCoovv[[XX,,YY ]]

√√VVaarr[[XX]]VVaarr[[YY ]]
==

CCoovv[[XX,,YY ]]

σσXX σσYY

14



Correlation CoefficientCorrelation Coefficient

Therefore:

Also, for  and , then

 for ,    and  

ρρXX,,YY ==
CCoovv[[XX,,YY ]]

√√VVaarr[[XX]]VVaarr[[YY ]]
==

CCoovv[[XX,,YY ]]

σσXX σσYY

−1 ≤ ρX,Y ≤ 1

X̂ = aX + b Ŷ = cY + d

ρ
X̂,Ŷ

= sign(ac)ρX,Y a, c ≠ 0

Cov[X̂, Ŷ ] = acCov[X, Y ]
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Correlation CoefficientCorrelation Coefficient
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Correlation CoefficientCorrelation Coefficient
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Correlation CoefficientCorrelation Coefficient
When , we say  and  are positively correlated
When , we say  and  are negatively correlated
When , we say  and  are highly correlated
When , we say  and  are uncorrelated

ρX,Y > 0 X Y
ρX,Y < 0 X Y
|ρX,Y | ≈ 1 X Y
ρX,Y = 0 X Y
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Correlation CoefficientCorrelation Coefficient

If  has positive variance and , then

When ,  is constant and the correlation coefficient is undefined.

X Y = aX + b

ρX,Y = sign(a), a ≠ 0.

a = 0 Y
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CorrelationCorrelation

Another close relative of the covariance is correlation.

The correlation of  and  is .

It is a raw second-order moment and, unlike the correlation coefficient,
depends on the means and scales of the variables. It does not by itself

establish dependence, but can be useful as in indication of dependence.

X Y rX,Y = E[XY ]
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Correlation vs Correlation CoefficientCorrelation vs Correlation Coefficient

Correlation coefficient (  ):

Dimensionless measure of linear association between  and ,

ranging from (-1) to (+1). It is invariant under positive scale
changes and changes sign if exactly one scale factor is negative.

Covariance ( ):
Measures joint variability of  and . Keeps units of , so

not directly comparable across contexts.

Correlation ( ):
The raw cross-moment (expected product) of  and . Depends

on scale and units, not bounded, and not by itself a measure of
linear relationship.

ρX,Y =
Cov(X,Y )

σXσY

X Y

Cov(X, Y )
X Y X × Y

E[XY ]
X Y
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Covariance, CorrelationCovariance, Correlation

Some useful identities

If , then     and  

Cov[X, Y ] = rX,Y − μXμY

Var[X + Y ] = Var[X] + Var[Y ] + 2Cov[X, Y ]
X = Y Cov[X, Y ] = Var[X] = Var[Y ]

rX,Y = E[X 2] = E[Y 2]
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Covariance, CorrelationCovariance, Correlation

Random variables  and  are orthogonal if 

Random variables  and  are uncorrelated if  and

Note the somewhat confusing terminology:
Orthogonal means zero correlation ( ), and

Uncorrelated means zero covariance.

X Y rX,Y = 0

X Y Cov[X, Y ] = 0
rX,Y = E[XY ] = E[X]E[Y ]

rX,Y = 0
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IndependenceIndependence

When  and  are independent then they are also uncorrelated.

However, uncorrelatedness does not necessarily imply statistical
independence.

Furthermore, for independent random variables  and :

X Y

X Y

E[g(X)h(Y )] = E[g(X)]E[h(Y )]
rX,Y = E[XY ] = E[X]E[Y ]
Cov[X, Y ] = ρX,Y = 0
Var[X + Y ] = Var[X] + Var[Y ]
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