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Joint Probability Density FunctionJoint Probability Density Function

The most useful probability model of continuous
random variables  and  is the joint PDF

. It is a generalisation of the PDF of a
single random variable.

X Y

fX,Y (x, y)
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Joint Probability Density FunctionJoint Probability Density Function

The joint probability density function (PDF) of the continuous
random variables  and  is the second-order partial derivative of the

joint CDF.

For a single random variable , the PDF  measures the
probability per unit length. For two random variables , the joint

PDF  measures probability per unit area.

X Y

fX,Y (x, y) =
∂ 2FX,Y (x,y)

∂x∂y

FX,Y (x1, y1) = P(X ≤ x1, Y ≤ y1) = ∫ x1

−∞
∫ y1

−∞
fX,Y (x, y) dy dx

X fX(x)
X, Y

fX,Y (x, y)
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Properties of the Joint PDFProperties of the Joint PDF
1. Non-negativity

2. Unity Volume
fX,Y (x, y) ≥ 0 ∀ x, y

∫ ∞
−∞ ∫ ∞

−∞ fX,Y (x, y) dy dx = 1
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Joint Probability between rangesJoint Probability between ranges

P(x1 < X ≤ x2, y1 < Y ≤ y2)

= FX,Y (x2, y2) − FX,Y (x2, y1) − FX,Y (x1, y2) + FX,Y (x1, y1)

= ∫
y2

y1
∫

x2

x1
fX,Y (x, y) dx dy
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Given:

Derive the joint PDF fX,Y (x, y)
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Joint Probability Density FunctionJoint Probability Density Function

The probability that the continuous random variables ( ) are in 

is:

X, Y A

P(A) = ∫ ∫
A

fX,Y (x, y) dx dy
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Marginal PDFMarginal PDF

If  and  are random variables with joint PDF X Y fX,Y (x, y)

fX(x) = ∫ ∞
−∞ fX,Y (x, y) dy

fY (y) = ∫ ∞
−∞ fX,Y (x, y) dx

FX(x1) = FX,Y (x1, ∞) = ∫ ∞
−∞ ∫ x1

−∞ fX,Y (x, y) dx dy

FY (y1) = FX,Y (∞, y1) = ∫ y1

−∞ ∫ ∞
−∞ fX,Y (x, y) dx dy
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