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Lecture 12

Gaussian Random Variables

Section 4.6



Gaussian Distribution

The family of Gaussian random variables appears
In more practical applications than any other
family. The graph of a Gaussian PDF is a
bell-shaped curve.
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Gaussian Distribution

e Bell-shaped curves appear in many applications of probability
theory. Especially those that are the result of many small
independent effects (link to central limit theorem).

e Because they occur so frequently in practice, Gaussian

distributions are sometimes referred to as normal distributions.

X is a Gaussian (i, o) random variable if the PDF of X is

(z—p)?

fX(aj) — \/2;(72 e 2

Where u can be any real number and o > 0

Notethat u = upx ando = ox.



Gaussian Distribution

e r = prepresentsthe centre of the bell and o reflects the width

of the bell.
= Small o = narrow (pointy peak); Big o = wide (flat peak)
® The height of the peakis 1
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Gaussian Distribution

If X is a Gaussian (u, o) random variable then it has the following CDF:

Fx(x) = ¢2;7 [ e_(ffﬁ) du

Fx(z) = [1—|—erf(af)]

The Gaussian density has no elementary antiderivative. [ts CDF is
evaluated using the error function or numerical methods.

Also note that if Fix(xz) = 0.5thenz = p
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Gaussian Distribution



Gaussian Distribution

Varying u
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Gaussian Distribution

Varying o
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Gaussian Distribution

For interest

e The binomial distribution B(n, p) is approximately normal with
mean p = mp and variance 0% = np(1 — p) for large n and for p
not too closeto 0 or 1.

e [he Poisson distributionwith parameter ¢ is approximately

normal with mean i = « and variance 0 = a, for large values of
Q.



Gaussian Distribution

e [tisimpossible to express the integral of a Gaussian PDF between
non-infinite limits as a function that appears on most scientific

calculators (as stated before).
e [nstead, we usually find integrals of the Gaussian PDF by referring

to tables that have been obtained by numerical integration.
e Tolearn how to use this table, we must first consider the following

important property of Gaussian random variables.

if X is a Gaussian (i, o) then:

Y =aX+0b is Gaussian(au + b, |a|o):



Standard Normal Distribution

e [he standard normal distribution, also called the z-distribution,
s a special normal distributionwhere the uy = 0 and o = 1.

= The standard random variable Z is Gaussian (0, 1)
» Therefore: E[Z] = 0and Var[Z] = 1.

e \We can transform any Gaussian random variable, X, to the
equivalent values of the standard normal random variable, Z.

L—X
oXx

Z —

Note that zis dimensionless, and is sometimes called the z-score.



Standard Normal Distribution

z = T(x) = =% By applying the transformation T'(z) to fx () the

OXx
PDF of the standard random variable Z is calculated as

2

fz(z) = #6_%

s



Standard Normal Distribution

e Jo calculate integrals over ranges of Gaussian PDFs, we use
tables containing values of F'z(z), the CDF of Z. For this we use

the special notation Fiz(z) = ®(2).
The CDF of the standard random variable Z is

u

®(2) = Fz(2) = L% [ e zdu



z P(z) | 2 B(z) | 2 B(z) | = TE R D(z) | =z B2 |
000 05000 | 050 0.6915 | 100 08413 | 150 09332 | 200  0.97725 | 2,50 0.99379
0.01  0.5040 | 051 0.6950 | 1.01  0.8438 | 1.51 0.9345 | 2.01 097778 | 2.51 0.99396
0,02 05080 | 052 06985 | 1.02 08461 | 1,52 08357 | 2.02 097831 | 2,52 0.99413
0.03 05120 | 053 07019 | 1.03  O.8485 | 1.53  0.9370 | 2.03 097882 | 2.53  0.99430
004 05160 | 054 07054 | 1.04 08508 | 1.54 08382 | 204 0.97932 | 2,54 0.99446
0.05 05189 | 055 07088 | 1.05 0.8531 | 1.55 0.9394 | 2.05 0.97982 | 2,55 (.99461
006 05239 | 056 07123 | 1.06 08554 | 1.56 05406 | 206 098030 | 256 0.994T7
0,07 06279 | 057 07167 | 1.0V 08577 | LT (08418 | 2.07 098077 | 2,57 0.99492
008  0.5319 | 058 07190 | 1.08 08589 | 1.58 0.94289 | 2.08 0.98124 | Z.58 0.99508
0.0%  0.6359 | 059 07224 | 1,09 08621 | 1.9 0.5%441 | 2.09 0985169 | 2,59 0.99520
010 05398 | 0.60 0.7257 | 1.100 0.8643 | 1.60 0.9452 | 2.10 0.98214 | 2.60 0.99534
0,11 05438 | 0.61 07291 | 1,11  0.B665 | 1.61 08463 | 2.11  0.98257 | 2.61  0.99547
012 05478 | 0.62  0.7324 | 1,12  0.8686 | 1.62 09474 | 2,12  0.98300 | 2.62  0.99560
0,13 05517 | 0.63 07357 | 1,13 O8TOR | 1.63 09484 | 2,13  0.98341 | 2.63  0.99573
0,14 05557 | 0.64 07380 | 114 0.8720 | 1.64 0.9495 | 2.14 0.98382 | 2,64 0.09585
0.5 05596 | 0.65 07422 | 1.15 08749 | 1.65 09505 | 2.15 0.98422 | 2.65 099508
016 06636 | 066 07454 | 1,16  O8TV0 | 1.66 09515 | 2,16  0.98461 | 2.66  0.99609
0.7 05675 | 067 0.7486 | 1,17 08790 | 1.67 09525 | 217 0L98500 | Z.67 099621
0,18 06714 | 0.68 07517 | 1.18 08510 | 1.68 09535 | 2,18 0.98337 | 2.68 0.99632
0.1% 05753 | 069 0.7549 | 1.1%  0.8830 | 1.69  0.9545 | 2,19  0.98574 | 2.69  0.99643
020 05793 | 0.7 07580 | 1200 O.8549 | 1.70 09554 | 2,20  0.98610 | 2,70 099653
0.21 05832 | 071 07611 | 1.21  0.8869 | 1.T1 0.9564 | 2.21 0.98645 | 2.71  0.99664
0,22 05871 | 072 07642 | 1,22 O.B8B8 | 1.72 09573 | 2.22  0.986T9 | 2,72  0.996T4
0,23 05910 | 0.73 0.7673 | 1.23 0.8907 | 1.73  0.09582 | 2.23 0.098713 | 2.73  0.99683
024 05948 | 074 07704 | 1.24  0.8925 | 1.T4 09591 | 2.24 0098745 | 274 099693
0,26 05987 | 076 07734 | 1.25 0.8944 | 1.75 0.9599 | 2.25 098778 | 2,75 0.99702
026 06026 | 076 07764 | 1.26 0.8962 | 1.76 09608 | 2.26  0.98809 | 2.76 0.99711
0,27 0eded | 077 07794 | 127 0.B9BO0 | 177 0WDG16 | 2,27 0LOBR40 | 27T 0.99720
0.28 06103 | 0.T8& 07823 | 1.28 0.8997 | 1.T8 09625 | 2.28 (0.98870 | 2.78  0.99728
020 06141 | 0.7 07852 | 1.29 09015 | 1.79 09633 | 2.29 0.98809 | 2,79 099736
0.30 06179 | 080 0.7881 | 130 0.9032 | 1.80  0.9641 | 2.30 0.08928 | 2.80 0.99744
0,31 06217 | 081 07910 | 1.31  0.9045 | 1.81 09649 | 2.31  0.98956 | 281 0.99752
0,32  0.6285 | 0.82 07939 | 1.32 09066 | 1.82 09656 | 2.32 (0.098983 | 282 0.99760
0.33 06293 | 0.83 07967 | 1.353 09082 | 1.85 09664 | 2.33 099010 | 2,83 0.99767
034 06331 | 084 07995 | 1.34 09099 | 1.84 09671 | 2.34  0.99036 | Z.84  0.997T4
0.35  0.6368 | 0.85 08023 | 1.35 09115 | 1.85 09678 | 2.35 0.99061 | 2,85 099781
036 06406 | 086 08051 | 136 00131 | 1.86 009686 | 2.36  0.99086 | 286  0.09THS
0.37  0.6443 | 0.87 08078 | 1.37 09147 | 1.87 09693 | 237  0.99111 | 287 099795
038 06480 | 0.88 08106 | 1.38 09162 | 1.85 09699 | 238  0.99134 | 288 099801
0.30 06517 | 089 0.8133 | 1.39 00177 | 1.89 09706 | 2.39 099158 | 2.80  0.09807
040 06554 | 0.90 08159 | 1.40 09192 | 1.90 09713 | 240 099180 | 2,90  0.99813
0.41 06591 | 0.91 08186 | 1.41 09207 | 1.91 09719 | 241 G.99202 | 2,91 0.99819
0.42 06628 | 0.92 08212 | 1.42 09222 | 1.92 09726 | 242  0.99324 | 2,92 099825
043 06664 | 0.9 08238 | 1.43 09236 | 1.03 09732 | 243 0.99245 | 2,95 099831
044 D.GTO0 | 0.94 08264 | 1.44 09251 | 1.94 09738 | 244 0.99266 | 2.94  0.99836
0.45 06736 | 0.95 08280 | 1.45 09265 | 1.95 09744 | 245 0.99286 | 2,95 099841
0.46 06772 | 0.96 08315 | 1.46 00270 | 1.96 00750 | 246 099305 | 2.96 0.99846
047 D.GS0S | 0.97 08340 | 147 0.92892 | 1.97 09756 | 247 095324 | 297 099851
048 D684 | 098 08366 | 148 09306 | 1.98 009761 | 248  L.99343 | 2,98 (0.99858
0.4%  D.GETO | 0.90 083589 | 1.49 09319 | 1.99 09767 | 2.49  .95361 | 290 0.99861

Table 4.1

The standard normal CDF $(y).




Standard Normal Distribution

If X'is a Gaussian (i, o) random variable, the CDF of X is




Standard Normal Distribution
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Notice that ®(—z) = 1 — ®(2)

(This identity follows from the symmetry of the standard normal
density about 0; the CDF itself is not symmetric about 0.)




Standard Normal Distribution

e [hatiswhytables typically only contain entries for z > 0. For
negative values of z, simply use: ®(—z) = 1 — ®(2)

e Additionally note

s lim, ., ®(2) =1andlim, ., , ®(z) =0



Example 1

e Anenergydrinkissold as 500 ml bottles.
e |tis known that the actual volume of the liquid in the bottle is

normally-distributedwith a mean of 500 ml and a standard

deviation of 16 ml.
e \What is the probability that there is less than or equal to 480 ml in

a bottle?



Example 1

e Anenergydrinkissold as 500 ml bottles.

e |tis known that the actual volume of the liquid in the bottle is
normally-distributed with a mean of 500 ml and a standard
deviation of 16 ml.

e What is the probability that there is less than or equal to 480 ml in
a bottle?
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z 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

+0 50000 50399 50798 51197 51595 51994 52392 52790 53188 53586
+0.1 53983 54380 54776 55172 55567 55966 .56360 56749 57142 57535
+0.2 57926 58317 58706  .59095  .59483 59871  .60257 60642 61026 61409
+0.3 61791 62172 62552 62930 63307 63683 64058 64431 64803 65173
+0.4 65542 65910 66276 66640 67003 67364 67724 68082 68439 68793
+0.5 69146 69497 69847 70194 70540 70884 71226 71566 71904 72240
+0.6 72575  .72907  .73237 73565 .73891 74215 74537 74857 .75175  .75490
+0.7 75804 76115 76424 76730 .77035 .77337 77637  .77935 .78230 .78524
+0.8 78814 79103 .79389 .79673  .79955 .80234 80511 80785 81057 81327
+0.9 81594 81859 82121 82381 .B2639 82894 83147 83398 83646  .83891

+1 84134 84375 B4614 84849 85083 85314 85543 85769 85993 86214
+1.1 B6433 86650 86864 87076 87286 87493 87698 87900 88100  .88298
+1.2 88493 88686 .88877 .89065 .89251  .89435 89617 .B9796  .89973 90147
+1.3 90320 90490 90658 90824 90988 91149 91308 91466 91621 91774
+1.4 91924 92073 92220 92364 92507 92647 92785 92922 93056 93189
+1.5 93319 93448 93574 93699 93822 93943 94062 94179 94295 94408
+1.6 94520 94630 94738 94845 94950 95053 95154 95254 95352 95449
+1.7 95543 95637 95728 95818 95907 95994 96080 96164 96246 96327
+1.8 96407 96485 96562 96638 96712 96784 96856 96926 96995 97062




Example 2

For the Standard Normal Distribution:

e \What is the probability that the outcome will be within some
margin zg from the mean?

e \WWhat is the probability that the outcome will be within 1 standard
deviation from the mean?

e \What must zq be to account for 99% of the outcomes?



z O(z) [ 2 d(z) | 2 o(z) | 2 d(2) | 2 o(z) | 2 d(2)
0.00 0.5000 | 0.50 0.6915 | 1.00 0.8413 | 1.50 0.9332 | 2.00 0.97725 | 2.50 0.99379
0.01 0.5040 | 0.51 0.6950 | 1.01 0.8438 | 1.51 0.9345 | 2.01 0.97778 | 2.51 0.99396
0.02 0.5080 | 0.52 0.6985 | 1.02 0.8461 | 1.52 0.9357 | 2.02 0.97831 | 2.52 0.99413
0.03 0.5120 | 0.53 0.7019 | 1.03 0.8485 | 1.53 0.9370 | 2.03 0.97882 | 2.53 0.99430
0.04 05160 | 0.54 0.7054 | 1.04 0.8508 | 1.54 0.9382 | 2.04 0.97932 | 2.54 0.99446
0.05 0.5199 | 0.55 0.7088 | 1.05 0.8531 | 1.55 0.9394 | 2.05 0.97982 | 2.55 0.99461
0.06 0.5239 | 0.56 0.7123 | 1.06 0.8554 | 1.56 0.9406 | 2.06 0.98030 | 2.56 0.99477
0.07 05279 | 0.57 0.7157 | 1.07 0.8577 | 1.57 0.9418 | 2.07 0.98077 | 2.57 0.99492
0.08 05319 | 0.58 0.7190 | 1.08 0.8599 | 1.58 0.9429 | 2.08 0.98124 | 2.58 0.99506
0.09 0.5359 | 0.59 0.7224 | 1.09 0.8621 | 1.59 0.9441 | 2.09 0.98169 | 2.59 0.99520
0.10 0.5398 | 0.60 0.7257 | 1.10 0.8643 | 1.60 0.9452 | 2.10 0.98214 | 2.60 0.99534
0.1 0.5438 | 0.61 0.7291 | 1.11 0.8665 | 1.61 0.9463 | 2.11 0.98257 | 2.61 0.99547
0.2 05478 | 0.62 0.7324 | 1.12 0.8686 | 1.62 0.9474 | 2.12 0.98300 | 2.62 0.99560
0.13 0.5517 | 0.63 0.7357 | 1.13 0.8708 | 1.63 0.9484 | 2.13 0.98341 | 2.63 0.99573
0.14 0.5557 | 0.64 0.7389 | 1.14 0.8729 | 1.64 0.9495 | 2.14 0.98382 | 2.64 0.99585
0.15 0.5596 | 0.65 0.7422 | 1.15 0.8749 | 1.65 0.9505 | 2.15 0.98422 | 2.65 0.99598
0.16 0.5636 | 0.66 0.7454 | 1.16 0.8770 | 1.66 0.9515 | 2.16 0.98461 | 2.66 0.99609
0.17 05675 | 0.67 0.7486 | 1.17 0.8790 | 1.67 0.9525 | 2.17 0.98500 | 2.67 0.99621
0.18 0.5714 | 0.68 0.7517 | 1.18 0.8810 | 1.68 0.9535 | 2.18 0.98537 | 2.68 0.99632
0.19 0.5753 | 0.69 0.7549 | 1.19 0.8830 | 1.69 0.9545 | 2.19 0.98574 | 2.69 0.99643
0.20 0.5793 | 0.70 0.7580 | 1.20 0.8849 | 1.70 0.9554 | 2.20 0.98610 | 2.70 0.99653
0.21 05832 | 0.71 0.7611 | 1.21 0.8869 | 1.71 0.9564 | 2.21 0.98645 | 2.71 0.99664
0.22 05871 | 0.72 0.7642 | 1.22 0.8888 | 1.72 0.9573 | 2.22 0.98679 | 2.72 0.99674
0.23 05910 | 0.73 0.7673 | 1.23 0.8907 | 1.73 0.9582 | 2.23 0.98713 | 2.73 0.99683
0.24 0.5948 | 0.74 0.7704 | 1.24 0.8925 | 1.74 0.9591 | 2.24 0.98745 | 2.74 0.99693
0.25 0.5987 | 0.75 0.7734 | 1.25 0.8944 | 1.75 0.9599 | 2.25 0.98778 | 2.75 0.99702
0.26 0.6026 | 0.76 0.7764 | 1.26 0.8962 | 1.76 0.9608 | 2.26 0.98809 | 2.76 0.99711
0.27 0.6064 | 0.77 0.7794 | 1.27 0.8980 | 1.77 0.9616 | 2.27 0.98840 | 2.77 0.99720
0.28 0.6103 | 0.78 0.7823 | 1.28 0.8997 | 1.78 0.9625 | 2.28 0.98870 | 2.78 0.99728
0.29 0.6141 | 0.79 0.7852 | 1.29 0.9015 | 1.79 0.9633 | 2.29 0.98899 | 2.79 0.99736
0.30 0.6179 | 0.80 0.7881 | 1.30 0.9032 | 1.80 0.9641 | 2.30 0.98928 | 2.80 0.99744
0.31 0.6217 | 0.81 0.7910 | 1.31 0.9049 | 1.81 0.9649 | 2.31 0.98956 | 2.81 0.99752
0.32 0.6255 | 0.82 0.7939 | 1.32 0.9066 | 1.82 0.9656 | 2.32 0.98983 | 2.82 0.99760
0.33 0.6293 | 0.83 0.7967 | 1.33 0.9082 | 1.83 0.9664 | 2.33 0.99010 | 2.83 0.99767
0.34 0.6331 | 0.84 0.7995 | 1.34 0.0099 | 1.84 0.9671 | 2.34 0.99036 | 2.84 0.99774
0.35 0.6368 | 0.85 08023 | 1.35 0.9115 | 1.85 0.9678 | 2.35 0.99061 | 2.85 0.99781
0.36 0.6406 | 0.86 0.8051 | 1.36 0.9131 | 1.86 0.9686 | 2.36 0.99086 | 2.86 0.99788
0.37 0.6443 | 0.87 0.8078 | 1.37 0.9147 | 1.87 0.9693 | 2.37 0.99111 | 2.87 0.99795
0.38 0.6480 | 0.88 0.8106 | 1.38 0.9162 | 1.88 0.9699 | 2.38 0.99134 | 2.88 0.99801
0.39 0.6517 | 0.89 0.8133 | 1.39 0.9177 | 1.89 0.9706 | 2.39 0.99158 | 2.89 0.99807
0.40 0.6554 | 0.90 0.8159 | 1.40 0.9192 | 1.90 0.9713 | 2.40 0.99180 | 2.90 0.99813
0.41 0.6591 | 0.91 0.8186 | 1.41 0.9207 | 1.91 0.9719 | 2.41 0.99202 | 2.91 0.99819
0.42 0.6628 | 0.92 0.8212 | 1.42 0.9222 | 1.92 0.9726 | 2.42 0.99224 | 2.92 0.99825
0.43 0.6664 | 0.93 0.8238 | 1.43 0.9236 | 1.93 0.9732 | 2.43 0.99245 | 2.93 0.99831
0.44 0.6700 | 0.94 0.8264 | 1.44 0.9251 | 1.94 0.9738 | 2.44 0.99266 | 2.94 0.99836
0.45 0.6736 | 0.95 0.8289 | 1.45 0.9265 | 1.95 0.9744 | 2.45 0.99286 | 2.95 0.99841
0.46 0.6772 | 0.96 0.8315 | 1.46 0.9279 | 1.96 0.9750 | 2.46 0.99305 | 2.96 0.99846
0.47 0.6808 | 0.97 0.8340 | 1.47 0.9292 | 1.97 0.9756 | 2.47 0.99324 | 2.97 0.99851
0.48 0.6844 | 0.98 0.8365 | 1.48 0.9306 | 1.98 0.9761 | 2.48 0.99343 | 2.98 0.99856
0.49 0.6879 | 0.99 0.8389 | 1.49 0.9319 | 1.99 0.9767 | 2.49 0.99361 | 2.99 0.99861

Table 4.1 The standard normal CDF &(y).




Standard Normal Distribution

For some further intuition for a Gaussian distribution:

e Thereis a probability of 68.3% that the outcomes are within 1o
of the expected value.
e And 95% that the outcomes are within ££2¢ of the expected

value.

"Bell Curve"

Standard Normal
Distribution

0.1% 1.7%
| [
Z-Score —4 —3.5—5 -25-2-15-1-05 0 0.5

1.5 2 25 3 35 4

Standard _ _ — _

Deviation 4g 30 2o 1o 0 +1g +20 +30 +4g
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Cumulative

Percent ) | ) o _
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Example 4.12

Suppose your score on a test is x = 46, a sample value of the Gaussian (61, 10)
random variable. Express your test score as a sample value of the standard normal
random variable, 7.




Standard Normal Complementary
Distribution

The standard normal complementary CDF is

Q(z) =P(Z > 2) = ﬁ [ e Tdu=1— P (2)

() (z) describes the probability that a Gaussian random variable
exceeds its expected value by more than z standard deviations.

Usually used for comparing small probabilities in the tails.



Example 4.14
In an optical fiber transmission system, the probability of a bit error is Q(+/7/2), where
v is the signal-to-noise ratio. What is the minimum value of + that produces a bit error
rate not exceeding 1067

Bit error rate = probability of getting a bit error



z_ Qz) z Q) z_ Q(z) 2 Qz) 2 Qz)

3.00 1.35-107° | 3.40 3.37.10°* | 3.80 7.23-10°° | 4.20 1.33.10"° | 4.60 2.11-10°°
3.01 1.31-107% | 3.41 3.2510°% | 3.81 6.9510°% | 4.21 1.28.10°% | 4.61 2.01-107°
3.02 1.26.107% | 3.42 3.13.107% | 3.82 6.67-10°° | 4.22 1.22.10°% | 462 1.92.107°
3.03 1.22.107% | 3.43 3.02.107% | 3.83 6.41-.107% | 4.23 1.17.10°% | 463 1.83.107°
3.04 1.18.10°% | 3.44 2.91.107% | 3.84 6.15.10°° | 4.24 1.12-10"° | 4.64 1.74-10°F
3.05 1.14-10°° | 3.45 2.80-10"* | 3.85 5.91-10°° | 4.25 1.07-10°° | 4.65 1.66-10"°
3.06 1.11-107% | 3.46 2.70-10~* | 3.86 5.67-10°° | 4.26 1.02:.10°° | 4.66 1.58-10°°
3.07 1.07-107% | 3.47 2.60-10~* | 3.87 5.44.10°° | 4.27 9.77.10°°% | 467 1.51-10°°
3.08 1.04.107% | 3.48 2.51.107* | 3.88 5.22.10% | 4.28 9.34.10°°% | 468 1.43.107°
3.09 1.00-107% | 3.49 242.107* | 3.89 5.01.107% | 4.20 8.93.10°% | 469 1.37-107°
3.10 9.68.10~% | 3.50 2.33.10~% | 3.90 4.81-1075 | 4.30 8.54-10% | 4.70 1.30-10° %
3.11 9.35-10°% | 3.51 2.24-107* | 3.91 4.61-107° | 4.31 8.16:10°° | 4.71 1.24-10°°
3.12 9.04-107% | 3.52 2.16-107% | 3.92 4.43.10°°% | 4.32 7.80.10°° | 4.72 1.18.107°°
3.13 8.74-107% | 3.53 2.08.107* | 3.93 4.25.10°° | 4.33 7.46.10°°% | 4.73 1.12.10°°
3.14 8.45.107% | 3.54 2.00-107* | 3.94 4.07-107°% | 434 7.12.10°% | 474 1.07-107°°
3.15 8.16:107% | 3.55 1.93.107* | 3.95 3.91.10°% | 4.35 6.81.10°% | 4.75 1.02.107°°
3.16 7.80-10~% | 3.56 1.85.10~% | 3.96 3.75.10°5 | 4.36 6.50-10~6 | 4.76 9.68.107
3.17 7.62.10°%* | 3.57 1.7810°% | 3.97 3.59.10°% | 4.37 6.21.10°% | 477 9.21.1077
3.18 7.36-10°% | 3.58 1.72-107* | 3.98 3.45-10°° | 4.38 5.93-10°° | 4.78 8.76-107"
3.19 7.11-107% | 3.59 1.65-10°% | 3.99 3.30-10°° | 4.39 5.67-10°°% | 4.79 8.34.1077
3.20 6.87-10% | 3.60 1.59-10~* | 4.00 3.17-10°°% | 4.40 5.41.10°°% | 4.80 7.93.10°°
321 6.64.107% | 3.61 1.53.107* | 4.01 3.04-10°°% | 4.41 5.17.10°% | 481 7.55.107°
3.22 6.41-107% | 3.62 1.47.10~% | 4.02 2.91.107° | 4.42 4.94.10-6 | 4.82 7.18.10°7
3.23 6.19-10°% | 3.63 1.42.107% | 4.03 2.79-10°% | 4.43 4.71.10°% | 4.83 6.83.1077
324 5.9810°% | 3.64 1.36-107% | 4.04 267-10°% | 4.44 4.50.10°% | 4.84 6.49.1077
3.25 b5.77-10°% | 3.65 1.31-107* | 4.05 2.56-10°° | 4.45 4.29-10°° | 4.85 6.17-1077
3.26 5.57-107% | 3.66 1.26-10~* | 4.06 2.45-10°° | 4.46 4.10.10°°% | 4.86 5.87-10°"
3.27 5.38.107% | 3.67 1.21.107* | 4.07 2.35.107° | 4.47 3.91.10°°% | 4.87 5.58.107°
3.28 5.19-107* | 3.68 1.17-10~* | 4.08 2.25.107° | 4.48 3.73.10°% | 4.88 5.30.10°°
3.29 5.01-107% | 3.69 1.12.107% | 4.09 2.16-10°% | 4.49 3.56.10°% | 4.80 5.04.1077
3.30 4.83.107% | 3.70 1.08-107* | 410 2.07-10°% | 4.50 3.40.10°°% | 490 4.79-1077
331 4.66-107% | 3.71 1.04-107% | 411 1.98.10% | 4.51 3.24.10°% | 491 4.55.1077
3.32 4.50-10% | 3.72 9.96-107° | 4.12 1.89-10°% | 4.52 3.09-10°° | 4.92 4.33.1077
3.33 4.34.107% | 3.73 9.57-107°% | 413 1.81.107°% | 4.53 2.95-10°°° | 4.93 4.11.1077
3.34 4.19:.107* | 3.74 9.20-107°% | 4.14 1.74.107° | 4.54 2.81.10°% | 4.94 3.91.10°7
3.35 4.04.107% | 3.75 8.84-107° | 4.15 1.66-10°° | 4.55 2.68.10°% | 495 3.71.1077
3.36 3.90-107% | 3.76 8.50-107° | 4.16 1.59-107°% | 4.56 2.56.10"°% | 4.96 3.52.10°"
3.37 3.76.107% | 3.77 8.16-107° | 4.17 1.52.107°% | 4.57 2.44.10°°% | 497 3.35.1077
3.38 3.62.10°% | 3.78 7.84-107° | 4.18 1.46-10°° | 4.58 2.32-10°° | 4.98 3.18-1077
3.39 3.49-107% | 3.79 7.53-107° | 4.19 1.39-107% | 4.59 2.22.10°° | 4.99 3.02-1077

Table 4.2 The standard normal complementary CDF Q(z).




