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Gaussian Random VariablesGaussian Random Variables

Section 4.6
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Gaussian DistributionGaussian Distribution

The family of Gaussian random variables appears
in more practical applications than any other

family. The graph of a Gaussian PDF is a
bell-shaped curve.
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Gaussian DistributionGaussian Distribution
Bell-shaped curves appear in many applications of probability
theory. Especially those that are the result of many small
independent effects (link to central limit theorem).
Because they occur so frequently in practice, Gaussian
distributions are sometimes referred to as normal distributions.

 is a Gaussian ( ) random variable if the PDF of  is

Where  can be any real number and 

Note that  and .

X μ, σ X

ffXX((xx)) == 11
√√22ππσσ22

ee
−− ((xx−−μμ))22

22σσ22

μ σ > 0

μ = μX σ = σX
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Gaussian DistributionGaussian Distribution
 represents the centre of the bell and  reflects the width

of the bell.
Small  = narrow (pointy peak); Big  = wide (flat peak)
The height of the peak is 

x = μ σ

σ σ
1

√2π σ
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Gaussian DistributionGaussian Distribution

If  is a Gaussian ( ) random variable then it has the following CDF:

The Gaussian density has no elementary antiderivative. Its CDF is
evaluated using the error function or numerical methods.

Also note that if  then 

X μ, σ

FFXX((xx)) == 11
√√22ππσσ22

∫∫ xx

−−∞∞ ee
−−(( uu−−μμ

σσ√√22
))

22

dduu

FFXX((xx)) == 11
22 [[11 ++ eerrff (( xx−−μμ

σσ√√22
))]]

FX(x) = 0.5 x = μ
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Error FunctionError Function
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Gaussian DistributionGaussian Distribution

EE[[XX]] == μμ

VVaarr[[XX]] == σσ22
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Gaussian DistributionGaussian Distribution

Varying μ
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Gaussian DistributionGaussian Distribution

Varying σ

9



Gaussian DistributionGaussian Distribution

For interest

The binomial distribution  is approximately normal with
mean  and variance  for large  and for 
not too close to  or .
The Poisson distribution with parameter  is approximately
normal with mean  and variance , for large values of

.

B(n, p)
μ = np σ2 = np(1 − p) n p

0 1
α

μ = α σ2 = α
α
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Gaussian DistributionGaussian Distribution
It is impossible to express the integral of a Gaussian PDF between
non-infinite limits as a function that appears on most scientific
calculators (as stated before).
Instead, we usually find integrals of the Gaussian PDF by referring
to tables that have been obtained by numerical integration.
To learn how to use this table, we must first consider the following
important property of Gaussian random variables.

If  is a Gaussian ( ) then:

    is    Gaussian ( ):

X μ, σ

Y = aX + b aμ + b, |a|σ
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Standard Normal DistributionStandard Normal Distribution
The standard normal distribution, also called the z-distribution,
is a special normal distribution where the   and .

The standard random variable  is Gaussian ( )
Therefore:  and .

We can transform any Gaussian random variable, , to the
equivalent values of the standard normal random variable, .

Note that  is dimensionless, and is sometimes called the -score.

μ = 0 σ = 1
Z 0, 1

E[Z] = 0 Var[Z] = 1
X

Z

z = x−μX

σX

z z
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Standard Normal DistributionStandard Normal Distribution

 By applying the transformation  to  the

PDF of the standard random variable  is calculated as

z = T (x) = x−μX

σX
T (x) fX(x)

Z

ffZZ((zz)) == 11
√√22ππ

ee−− zz22

22
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Standard Normal DistributionStandard Normal Distribution
To calculate integrals over ranges of Gaussian PDFs, we use
tables containing values of , the CDF of . For this we use
the special notation .

The CDF of the standard random variable  is

FZ(z) Z
FZ(z) = Φ(z)

Z

ΦΦ((zz)) == FFZZ((zz)) == 11
√√22ππ

∫∫ zz

−−∞∞ ee−− uu22

22 dduu
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Standard Normal DistributionStandard Normal Distribution

If X is a Gaussian ( ) random variable, the CDF of  is

The probability that  is in the interval  is

μ, σ X

FFXX((xx)) == ΦΦ (( xx−−μμ

σσ
))

X (a, b]

PP ((aa << XX ≤≤ bb)) == ΦΦ (( bb−−μμ

σσ
)) −− ΦΦ (( aa−−μμ

σσ
))
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Standard Normal DistributionStandard Normal Distribution

Notice that 

(This identity follows from the symmetry of the standard normal
density about ; the CDF itself is not symmetric about .)

Φ(−z) = 1 − Φ(z)

0 0
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Standard Normal DistributionStandard Normal Distribution

That is why tables typically only contain entries for . For

negative values of , simply use: 

Additionally note

 and 

z ≥ 0
z Φ(−z) = 1 − Φ(z)

limz→∞ Φ(z) = 1 limz→−∞ Φ(z) = 0
Φ(0) = 1

2
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Example 1Example 1
An energy drink is sold as 500 ml bottles.
It is known that the actual volume of the liquid in the bottle is
normally-distributed with a mean of 500 ml and a standard
deviation of 16 ml.
What is the probability that there is less than or equal to 480 ml in
a bottle?
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Example 2Example 2

For the Standard Normal Distribution:

What is the probability that the outcome will be within some
margin  from the mean?
What is the probability that the outcome will be within 1 standard
deviation from the mean?
What must  be to account for  of the outcomes?

±z0

z0 99%
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Standard Normal DistributionStandard Normal Distribution

For some further intuition for a Gaussian distribution:

There is a probability of  that the outcomes are within 
of the expected value.
And  that the outcomes are within  of the expected
value.

68.3% ±1σ

95% ±2σ
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Standard Normal ComplementaryStandard Normal Complementary
DistributionDistribution

The standard normal complementary CDF is

 describes the probability that a Gaussian random variable
exceeds its expected value by more than  standard deviations.

Usually used for comparing small probabilities in the tails.

QQ((zz)) == PP ((ZZ >> zz)) == 11
√√22ππ

∫∫ ∞∞
zz

ee−− uu22

22 dduu == 11 −− ΦΦ((zz))

Q(z)
z
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Bit error rate = probability of getting a bit error
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