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Lecture 7

Variance and Standard Deviation

Section 3.8



Recap

Expected Value

The expected value of a discrete random variable X is

ElX|=upux= > zPx(z)

rESx



Recap

Functions of a Random Variable

Steps:

1. Perform experiment and observe an outcome s.
2. From s, find «, the corresponding value of random variable X.

3. Observe y by calculatingy = g(«).
4. For all possible values of x € Sx we compute y = g(x) to get Sy

For adiscrete random variable X, the PMF of Y = g(X) is

Py(y) = >, Px(=)

z:9(z)=y



Expected Value of a Derived Random
Variable

IfY = g(X),E|Y] can be calculated from Px (x)
and g(X) without deriving Py (y).

Given a random variable X with PMF Px(x) and the derived random
variableY = g(X), the expected value of Y is

ElY| = puy = E[g(X)] = > g(z)Px(z)

rESx
(note that only the part in front of Px(x) changed)



Properties of Expected Values

For any random variable X
e ElaX +b] =aE[X]+ b
= Thisis often called a linear transformation. But if b £ 0

then it should technically be called affine since the originis
not fixed.

* BIX —pux| =0
* Usually, E[g(X)] # g(E[X])



Example 3.23
Recall from Examples 3.5 and 3.18 that X has PMF

0.5 (
1/4 =0
Px(x) 1?2 z 1
Py (x) = -
0 I I x(#) = 1/4 = =2,
-1 0 1 2 3 zx L0 otherwise.

What is the expected value of V = g(X) =4X + 77

From Theorem 3.12,

E[V]=E[g(X)]=E[4X +7] =4E[X]|+7=4(1) + 7 = 11.

We can verify this result by applying Theorem 3.10:

E[V] =g(0)Px(0) + g(1)Px (1) + g(2) Px (2)
— 7(1/4) + 11(1/2) + 15(1/4) = 11.

(3.61)

(3.63)




Variance and Standard Deviation

The variance Var| X| measures the dispersion (or
spread) of sample values of X around the
expected value E| X |.



Variance and Standard Deviation

The variance Var| X| measures the dispersion (or
spread) of sample values of X around the
expected value E| X].

Var[X] = E[(X — ux)?]

Itis important to note that Var| X| does not have the same units as X
and can therefore not be drawn on the same graphical axes.



Variance and Standard Deviation

Variance

Var[X] = E[(X — ux)?]
Var[X] = E[X?] — (E[X])’

Var[X] = E[X?] - u%



Variance and Standard Deviation

Variance

Var[X] = E[(X — ux)?]
Var[X] = E[X?] — (E[X])’
Var[X] = E[X?] — %

If X has for example units of m, then variance has units of m?.
So we can't compare variance with the E[ X]...



Variance and Standard Deviation

Variance
Var[X] = E[(X — px)?
Var[X] = E[X?) - (E[X])?
Var[X] = E[X? - u}

Var[X] = 0%

Standard Deviation

Ox = \/V&I‘[X]



Variance and Standard Deviation

Standard Deviation

ox = 4/ Var[X]

e Thisis quite useful since o x has the same units as X.

e [herefore, the standard deviation can be compared with the
expected value.

e For a Gaussian random variable, approximately 68.3% of the
probability liesin [ux — ox, ux + ox]. No fixed proportion
applies to every distribution.



Variance and Standard Deviation

e |n many applications we try to make a prediction & before
performing an experiment and observing a sample value of X

(therefore often called the blind estimate of X).
e \We want to minimise the squared prediction error, and one of the
most common criteria used to determine 2 is the mean squared

error (MSE):
e = E[(X — £)?]
In the absence of observations, the minimum mean square error

estimate of random variable X is:
z = E[X] = px



Variance and Standard Deviation

In the absence of observations, the minimum mean square error
estimate of random variable X is:

z =E[X] = px

e = E[(X — £)°] = E[(X — px)*] = Var[X]



Properties of Variance and Standard
Deviation

e Since (X —pux)*>0 then Var[X] >0
e Var[aX + b] = a® Var[X]
= Note that bfalls away, since shifting a random variable by a

constant does not change the dispersion of outcomes

around the expected value.
= Fora = 0then Var|b] = 0since thereis no dispersion

around the expected value of a constant.
e Since Var[aX] = a?Var[X]| then o.x = |alox



Moments

The moments of X summarise aspects of its distribution, but they do
not always fully describes the distribution. However, the moment
generating function does fully describe the distribution.

Moments are quantitative measures related to the shape of a
function's graph.

The n*® moment about the origin of X is, g,,(z) = z"

m, = E[X"] = ) z"Px(x)

xESx



Moments

The moments of X summarise aspects of its distribution, but they do

not always fully describes the distribution. However, the moment
generating function does fully describe the distribution.

The n*® moment about the origin of X is, g,,(z) = z"

m, = E[X"] = ) z"Px(x)

xESx

The n'*® central moment of X is, g, (z) = (z — pux)"

pn = E[(X —px)"| = > (2 — px)"Px(z)

rESx

(not to be confused with the expected value px)
Thisis also sometimes referred to as the moment about the mean



Moments

Moment about the origin
1.m1 — E[X] — Ux
2. mo — E[Xz]

Central moments
0. p0 = E[(X — px)"] =1
1pr =E[(X - px)l]=0
2. pz = B[(X — px)?] = Var[X] = 0%
3.u3 = E[(X — px)?]is called Skew

e |ndicates asymmetry about the mean
e Often expressed as cofficient of skewness v = p3/0°

4. 1y = B[(X — pux)*is called Kurtosis
e |sameasure of ta/ledness
e Usually normalised k = pg/0?




E|(X — ,LLX)?’]

v = 3 s the coefficient of skewness
Ox
(a) Negatively skewed (b) Normal (no skew) (c) Positively skewed
Mean
Median
Mode Mode Mode
Median /] N\ Median
3 \
o \ /
o \ * f
L Mean \ f Mean
— v ¥ II' X ¥ - X 'I Y ¥ —X

The normal curve
represents a perfectly

Negative direction Positive direction

symmetrical distribution




Is the kurtosis

+ Kurtosis

MNormal

- Kurtosis




Example 3.25
Continuing Examples 3.5, 3.18, and 3.23, we recall that X has PMF

05
Px(x)

0
-1

0 | 2

3

I

Px(l‘) = 4

(1/4 z =0,
1/2 x==1,
1/4 x =2,

0 otherwise,

\

and expected value E[X] = 1. What is the variance of X7




Example 3.27
The amplitude V' (volts) of a sinusoidal signal is a random variable with PMF
0.2

Pv(v) 0.1 Py (v) = /7 v=-3,-2,....3,
¥ o otherwise.
0

-5 0 5 v

A new voltmeter records the amplitude U in millivolts. Find the variance and standard
deviation of U.




