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Recap - Random VariablesRecap - Random Variables

10 2 3 4 5 6-1-2-3-4-5-6 REAL LINE

A random variable  is a function mapping
each outcome  (of a sample space ) to a real-

numbered value. Each of these values has an
associated probability of being observed.

X(s)
s S
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Recap - Probability Mass Function (PMF)Recap - Probability Mass Function (PMF)

In simple terms: The PMF indicates the probability that a discrete
random variable  will be exactly equal to a specific value .

The Probability Mass Function (PMF) of discrete
random variable  expresses the probability

model of an experiment as a mathematical
function. The function is the probability

 for every number .

X

P(X = x) x

PX(x) = P(X = x)

X x
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Cumulative Distribution Function (CDF)Cumulative Distribution Function (CDF)

Like the PMF, the CDF of a discrete or
continuous random variable  expresses the

probability model of an experiment as a
mathematical function. The function is the

probability  for every number .

X

P(X ≤ x) x
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Cumulative Distribution Function (CDF)Cumulative Distribution Function (CDF)

In simple terms: The CDF indicates the probability that a random
variable  will be less than or equal to a specific value .

Like the PMF, the CDF of any discrete or
continuous random variable  expresses the

probability model of an experiment as a
mathematical function. The function is the

probability  for every number .

(  is read as "the CDF of  evaluated at ")

X

P(X ≤ x) x

FX(x) = P(X ≤ x)
FX(x) X x

X x
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Properties of CDFsProperties of CDFs

For any discrete random variable For any discrete random variable  with range  with range ,,

satisfying satisfying ::

1. 1.    and      and      and      and   
2. 2. For all For all 

((  is non-decreasing) is non-decreasing)
3. 3. For For , the jump at , the jump at  is  is 
4. 4.  for all  for all  such that  such that                 

XX SSXX == {{xx11,, xx22,, ……}}

xx11 ≤≤ xx22 ≤≤ ……

FFXX((−−∞∞)) == 00 FFXX((∞∞)) == 11 00 ≤≤ FFXX((xx)) ≤≤ 11
xxii ≤≤ xxjj,, FFXX((xxii)) ≤≤ FFXX((xxjj))

FFXX((xx))
xxii ∈∈ SSXX xxii FFXX((xxii)) −− FFXX((xx−−

ii )) == PPXX((xxii))
FFXX((xx)) == FFXX((xxii)) xx xxii ≤≤ xx << xxii++11
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Cumulative Distribution Function (CDF)Cumulative Distribution Function (CDF)

7



Cumulative Distribution Function (CDF)Cumulative Distribution Function (CDF)

1 .0

Properties of CDFsProperties of CDFs

For all     then  xj ≥ xi

P(xi < X ≤ xj) = FX(xj) − FX(xi)
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ProofProof
For , prove that:b ≥ a

FX(b) − FX(a) = P(a < X ≤ b)
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Averages and Expected ValuesAverages and Expected Values

Note on notation:  (I will use the former)

An average is a number that describes a set of
experimental observations.

The expected value is a number that describes the
probability model of an experiment.

E[X] = E{X}
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AveragesAverages
The average is a single number that is taken as representative of a
set of  numbers.

It is called a statistic of the set of numbers.
(a fact or piece of data obtained from a study of a
large quantity of numerical data.)

n
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AveragesAverages
The average is a single number that is taken as representative of a
set of  numbers.

It is called a statistic of the set of numbers.
(a fact or piece of data obtained from a study of a
large quantity of numerical data.)

There are several kinds of averages. The most common ones are
the mean, the median, and the mode.

The mean value of  numbers is the sum of the  numbers
divided by .
The median is the number in the middle of a data set.
The mode is the most common number in the set.

n

n n
n
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Averages and Expected ValuesAverages and Expected Values
The probability model of a random variable characterises an
experiment with numerical outcomes.

We assume that the probability models are related to the
numbers observed in practice.
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Averages and Expected ValuesAverages and Expected Values
The probability model of a random variable characterises an
experiment with numerical outcomes.

We assume that the probability models are related to the
numbers observed in practice.

An Average is a statistic that describes a set of numbers observed
in practice (describing a sample of the population).
An Expected Value is a parameter that describes a probability
model (describing the entire population).
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Averages and Expected ValuesAverages and Expected Values
The probability model of a random variable characterises an
experiment with numerical outcomes.

We assume that the probability models are related to the
numbers observed in practice.

An Average is a statistic that describes a set of numbers observed
in practice (describing a sample of the population).
An Expected Value is a parameter that describes a probability
model (describing the entire population).

The expected value is a number that can be computed from
the PMF or CDF of a random variable.
If the probability model is related to an application that
results in a set of numbers, then the expected value of the
random variable corresponds to the mean value of the set
of numbers.
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Expected ValueExpected Value

Provided the sum converges absolutely, the expected value of a
discrete random variable  is

 Sum of outcomes multiplied by the probability of each outcome.

Expectation is a synonym for expected value.
 is alternative notation for the expected value of random

variable .
The sample mean is commonly written as  (which does not
mean the complement of ).

X

EE[[XX]] == μμXX == ∑∑
xx∈∈SSXX

xxPPXX((xx))

⇒

μX

X
X̄

X
17



ExamplesExamples
Prove that the mean is the same as the expected value.
Calculate the expected value for the basketball example.
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Functions of a Random VariableFunctions of a Random Variable

Often we want to use the observed sample values of a random variable
to compute other quantities.

A function  of random variable  is
another random variable. The PMF  can be

derived from  and .

Y = g(X) X

PY (y)
PX(x) g(X)
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Functions of a Random VariableFunctions of a Random Variable

 is associated with , and we can use  to get .

Each sample value  of a derived random
variable  is a mathematical function  of a

sample value  of another random variable . We
adopt the notation  to describe the

relationship of the two random variables.

y

Y g(x)
x X

Y = g(X)

PX(x) X Y = g(X) PY (y)
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Functions of a Random VariableFunctions of a Random Variable

Steps:

1. Perform experiment and observe an outcome .
2. From , find , the corresponding value of random variable .
3. Observe  by calculating .
4. For all possible values of  we compute  to get 

.

For a discrete random variable , the PMF of  is

(sum all the probabilities of  where )

s
s x X

y y = g(x)
x ∈ SX y = g(x) SY

X Y = g(X)

PPYY ((yy)) == ∑∑
xx::gg((xx))==yy

PPXX((xx))

x g(x) = y
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Functions of a Random VariableFunctions of a Random Variable

If  transforms different values of  into different values of 
(i.e.  if ) then:

For a discrete random variable , the PMF of  is

(sum all the probabilities of  where )

X Y = g(X)

PY (y) = ∑
x:g(x)=y

PX(x)

x g(x) = y

g(X) x y

g(xi) ≠ g(xj) xi ≠ xj

PY (y) = P [Y = g(x)] = P [X = x] = PX(x)
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Expected Value of a Derived RandomExpected Value of a Derived Random
VariableVariable

If ,  can be calculated from 
and  without deriving .

Y = g(X) E[Y ] PX(x)
g(X) PY (y)
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Expected Value of a Derived RandomExpected Value of a Derived Random
VariableVariable

If ,  can be calculated from 
and  without deriving .

Y = g(X) E[Y ] PX(x)
g(X) PY (y)

Given a random variable  with PMF  and the derived random
variable , the expected value of  is

(note that only the part in front of  changed)

X PX(x)
Y = g(X) Y

E[Y ] = μY = E[g(X)] = ∑
x∈SX

g(x)PX(x)

PX(x)
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Given that  from the previous questionY = 105X − 5X 2
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