
Systems and Signals 344Systems and Signals 344

20262026

Lecture 3Lecture 3

Total Probability, Bayes' Theorem and IndependenceTotal Probability, Bayes' Theorem and Independence

Sections 1.4-1.6
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RecapRecap

The conditional probability of the event  given the occurrence of the
event  is

A

B

PP ((AA||BB)) ==
PP ((AA ∩∩ BB))

PP ((BB))
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RecapRecap

 and  are disjoint (or mutually exclusive) if their intersection

is the empty set, i.e. when 

A collection of sets  is a partition of  if their union is

 and their intersection is always the empty set, i.e.

    and    

A B

A ∩ B = ∅

A1, … , An S

S
n

⋃
i=1

Ai = S Ai ∩ Aj = ∅ ∀ i ≠ j
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IndependenceIndependence

Events  and  are independent when the occurrence of one does

not affect the probability of occurrence of the other, i.e.

But from the definition of conditional probability: 

and hence

when  and  are independent

A B

PP ((AA||BB)) == PP ((AA)) aanndd PP ((BB||AA)) == PP ((BB))

P(A|B) = P(A∩B)
P(B)

PP ((AA ∩∩ BB)) == PP ((AA)) ⋅⋅ PP ((BB))

A B
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IndependenceIndependence

Events  and  are independent if and only if

This is a necessary and sufficient condition for two mutually
independent events.

A B

PP ((AA ∩∩ BB)) == PP ((AA)) ⋅⋅ PP ((BB))
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IndependenceIndependence

A collection  is mutually independent if, for every subset of

two or more events,

For the full collection, the same condition can be written more explicitly as

Note that showing statistical independence for all possible pairs of
events is not sufficient to show independence between all . The

equation above must also hold true.

A1, … , An

PP((⋂⋂kk
rr==11 AAiirr

)) == ∏∏kk
rr==11 PP ((AAiirr

)),, 22 ≤≤ kk ≤≤ nn..

PP ((AA11 ∩∩ AA22 ∩∩ …… ∩∩ AAnn)) == PP ((AA11)) ⋅⋅ PP ((AA22)) ⋯⋯ PP ((AAnn))..

n
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IndependenceIndependence

, , and  are mutually independent if and only if

1.  and  are independent
2.  and  are independent
3.  and  are independent
4. 

A1 A2 A3

A1 A2
A2 A3
A1 A3
P(A1 ∩ A2 ∩ A3) = P(A1) ⋅ P(A2) ⋅ P(A3)
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IndependenceIndependence

If a set of events is statistically independent, then any one event is
also statistically independent of unions, intersections and/or
complements of the remaining events.

For example, if  and  are independent, then  and  are
also independent.

Independent and mutually exclusive are not synonyms

Independence: 
Mutually exclusive: 

      Cannot be both! (unless  or )

A B A B̄

P(A ∩ B) = P(A)⋅P(B)
P(A ∩ B) = 0

⇒ P(A) = 0 P(B) = 0
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Side NoteSide Note
You can only add probabilities directly for the union ( ) of events
that are mutually exclusive:

 when .
In general, .

You can only multiply probabilities directly for the intersection ( )
of events that are independent:

 when  and  are independent.
In general,  when .

∪

P(A ∪ B) = P(A) + P(B) A ∩ B = ∅
P(A ∪ B) = P(A) + P(B) − P(A ∩ B)

∩

P(A ∩ B) = P(A)P(B) A B
P(A ∩ B) = P(A)P(B ∣ A) P(A) > 0
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Partitions and the Law of Total ProbabilityPartitions and the Law of Total Probability

A partition divides the sample space into
mutually exclusive sets.

The law of total probability expresses the
probability of an event as the sum of the

probabilities of outcomes that are in the separate
sets of a partition.
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Partitions and the Law of Total ProbabilityPartitions and the Law of Total Probability

For a partition  and any event  in the sample
space (i.e. ), let .

For , the events  and  are mutually exclusive and

B = {B1, B2, …} A

A ⊆ S Ci = A ∩ Bi

i ≠ j Ci Cj

A = C1 ∪ C2 ∪ …
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Partitions and the Law of Total ProbabilityPartitions and the Law of Total Probability

We do this when  is easy to calculate but  is hard to
calculate.

P(A ∩ Bi) P(A)

For any event , and partition ,A B = {B1, B2, … Bm}

P(A) =
m

∑
i=1

P(A ∩ Bi)
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Law of Total ProbabilityLaw of Total Probability

For a partition  with  for all {B1, B2, … , Bm} P(Bi) > 0 i

P(A) =
m

∑
i=1

P(A|Bi)P(Bi)
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Assume only one class ( ) is assigned at a time.T , I, V
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Bayes' TheoremBayes' Theorem

From Conditional Probability and Commutative laws:

P(A|B) =
P(A ∩ B)

P(B)

P(A ∩ B) = P(A|B) ⋅ P(B) = P(B|A) ⋅ P(A)
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Bayes' TheoremBayes' Theorem

From Conditional Probability and Commutative laws:

Bayes' Theorem:

P(A|B) =
P(A ∩ B)

P(B)

P(A ∩ B) = P(A|B) ⋅ P(B) = P(B|A) ⋅ P(A)

PP ((BB||AA)) ==
PP ((AA||BB)) ⋅⋅ PP ((BB))

PP ((AA))
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Bayes' TheoremBayes' Theorem

Bayes' theorem is extremely useful for making inferences about
phenomena that cannot be observed directly.

"reasoning about causes when we observe effects"
 is referred to as the prior probability, since it can be

interpreted as the probability of  happening before we know
anything about .
Similarly,  is known as the posterior probability, since it
can be interpreted as the probability of  after observing .

PP ((BB||AA)) ==
PP ((AA||BB)) ⋅⋅ PP ((BB))

PP ((AA))

P(B)
B

A
P(B|A)

B A
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Bayes' TheoremBayes' Theorem

When  partitions , we know from the Law of Total

Probability that: 

And so we can reformulate Bayes' rule as:

{Bi}m
i=1 S

P(A) =
m

∑
i=1

P(A|Bi) ⋅ P(Bi)

PP ((BBii||AA)) ==
PP ((AA||BBii)) ⋅⋅ PP ((BBii))

∑∑mm

jj==11 PP ((AA||BBjj)) ⋅⋅ PP ((BBjj))
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Story TimeStory Time

Steve is very shy and withdrawn, invariably helpful but with very little
interest in people or in the world of reality. A meek and tidy soul, he has

a need for order and structure, and a passion for detail.
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Story TimeStory Time

Steve is very shy and withdrawn, invariably helpful but with very little
interest in people or in the world of reality. A meek and tidy soul, he has

a need for order and structure, and a passion for detail.

Which is more likely: Steve is a librarian or Steve is a Farmer?
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Story TimeStory Time

Steve is very shy and withdrawn, invariably helpful but with very little
interest in people or in the world of reality. A meek and tidy soul, he has

a need for order and structure, and a passion for detail.

Which is more likely: Steve is a librarian or Steve is a Farmer?

See video for explanation:
https://www.youtube.com/watch?v=HZGCoVF3YvM
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Bayesian ThinkingBayesian Thinking
It can be used to reason about anything to which probabilities can
be assigned.
You start with prior belief, then you introduce evidence and you
update the probability.
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