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Example 8.7

Find the expected value E[X], the correlation matrix Rx, and the covariance matrix
Cx of the two-dimensional random vector X with PDF

2 0=z =251
x(x) = .
0 otherwise.

The elements of the expected value vector are

(e’ o) 1 o
E[Xi]=/ / x; fx (x) dxldazzzfo /0 2z, dmidzs, 1=1,2. (8.27)

The integrals are E[X1] = 1/3 and E[X;] = 2/3, so that pyx = E[X] = [1/3 2/3]".
The elements of the correlation matrix are

fo’e} fo’e} 1 To

B[ X = / / 22 fx (x) dridzy = / / 222 dx1dxy, (8.28)
—00 J—00 0 JO
fo’e) fo’e) 1 To

E[X7] = / / T2 fx (x) dzidzy = / / 222 dx1dxy, (8.29)
oo J—0o 0 JO
o0 o0 1 xo

E [Xle] = / / :claczfx(x) diEleBz - / / 2$1$2 dxldfl?z. (830)

—00 J —00 0 0

These integrals are E[X;°] = 1/6, E[X2?] = 1/2, and E[X1 X;] = 1/4.
Therefore,

1/6 1/4
Rx = M X 1§2] : (8.31)

We use Theorem 8.7 to find the elements of the covariance matrix.
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Example 8.10

Consider the outdoor temperature at a certain weather station. On May 5, the tem-
perature measurements in units of degrees Fahrenheit taken at 6 AM, 12 noon, and
6 PM are all Gaussian random variables, X7, X5, X3, with variance 16 degreesz. The
expected values are 50 degrees, 62 degrees, and 58 degrees respectively. The covariance

. —_— —
matrix of the three mea7£|rements is ,Kz Xy
X, 16.0 12.8 11.2

Cx = |12.8 16.0 12.8]. (8.45)

(a)
(b)
(c)

(a)

(b)

(c)

11.2 12.8 16.0

Write the joint PDF of X7, X5 using the algebraic notation of Definition 5.10.
Write the joint PDF of X, X5 using vector notation.

Write the joint PDF of X = [X; X Xg]/ using vector notation.

First we note that X; and X, have expected values pu; = 50 and pus; = 62,

variances 02 = 02 = 16, and covariance Cov[X;, X5] = 12.8. It follows from

Definition 5.6 that the correlation coefficient is

Cov [X;,X5] 128
0109 N 16 N

PX1,X2 = 0.8. (846)

From Definition 5.10, the joint PDF is

(331 — 50)2 — 16((21 — 50)((1)2 — 62) + (1172 — 62)2
19.2
60.3

exp [—

fX1,X2 (371, 332) =

Let W = [Xl Xz]’ denote a vector representation for random variables X;
and X,. From the covariance matrix Cx, we observe that the 2 x 2 submatrix
in the upper left corner is the covariance matrix of the random vector W. Thus

50 16.0 12.8
Hw = [62]  Cws= [12.8 16.0] ' (8.47)

We observe that det(Cw) = 92.16 and det(Cw)Y/? = 9.6. From Defini-
tion 8.12, the joint PDF of W is

1 1 _
fw(w) = oo (5w - pw) CH =) (549
Since py = [50 62 58]’ and det(Cx)'/2 = 22.717, X has PDF
1 1 T -1
Fr) = s exp (Lo ) O (x — i) ). (8.49)



